MASS TRANSPORT AND VARIANTS OF THE LOGARITHMIC 
SOBOLEV INEQUALITY 

FRANCK BARTHE, ALEXANDER V. KOLESNIKOV 

Abstract. We develop the optimal transportation approach to modified log-Sobolev inequalities and to 
isoperimetric inequalities. Various sufficient conditions for such inequalities are given. Some of them are 
new even in the classical log-Sobolev case. The idea behind many of these conditions is that measures 
with a non-convex potential may enjoy such functional inequalities provided they have a strong integrability 
property that balances the lack of convexity. In addition, several known criteria are recovered in a simple 
unified way by transportation methods and generalized to the Riemannian setting. 
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1. Introduction 

This work deals with Sobolev inequalities and isoperimetric properties of absolutely continuous probability 
measures on Euclidean space or Riemannian manifolds. This subject is connected, among other fields, to 
analysis, probability theory, differential geometry, partial differential equations. In particular such properties 
are crucial in the study of the concentration of measure phenomenon and of the regularizing effect and trend 
to equilibrium of evolution equations. Several surveys were devoted to this quickly developing topic, see e.g. 

0, H, M, ED, 03. BB1, EH- 

Besides the Poincare or spectral gap inequality, the logarithmic Sobolev inequality is the best studied 
Sobolev property for probability measures. The basic example of a measure satisfying the logarithmic 
Sobolev inequality 

(1) Ent M / 2 := / f log ( T £—) d(x<2C [ | V/| 2 dfi 



ff 2 d» 

is the standard Gaussian measure on K d , d^(x) — (2ir)~ i e~ dx (with C = 1). It is well known, that for 
every measure /i satisfying |T]) there exists e > such that e 6 ' 21 ' € This condition fails for many 

useful probability distributions, as for example 

fi a = — e~' x '" dx, iel 

where < a < 2. There were many attempts to reveal which inequalities of the log-Sobolev type are the 
right ones for these measures when a € (1,2) (the condition a > 1 guarantees a spectral gap property 
Var„(/) < C J |V f\ 2 dfi). As for now, we do not know of a Sobolev type inequality with all the good 
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features of the log-Sobolev inequality (in terms of consequences for concentration, tensorisation or semigroup 
properties). Instead of this, several functional inequalities were proposed, each of them having one of these 
good features: 

- The Beckner-Latala-Oleszkiewicz inequalities have the tensorisation property (when valid for \x they 
hold with the same constant for p® d for all d) and yield concentration estimates with decay e~ Kt " , for the 
^2-distance on the products. They where first mentioned by Beckner [17] for the Gaussian measure, i.e. 
a = 2. Their modified version for the measures p a , a £ (1, 2) is due to Latala-Oleszkiewicz [46] . 

- F-Sobolev inequalities of the form 



/ /2f (l4)*- C / |V/|2 * 



where F is some increasing function, were established for the measures p a and their d-dimensional analogs 
in [59], pQ, with F(t) = log(i) 2_2//a for large t. The recent developments can be found in papers [14], [55] . 
[66j . |44j . Inequalities of this type imply hyperboundedness of the related semigroups for certain Orlicz 
norms and under mild conditions isoperimetric inequalities, see [14]. In fact, they are closely related with 
the Sobolev inequalities for Orlicz norm ||/ — J f dp\\% < C J \W f\ 2 dp, where $ is some Orlicz function. 
Details about the connections and additional semigroups properties appear in [55j , |66] . Let us also mention 
another important work of Wang [63] devoted to the so-called super- Poincare inequalities. It establishes 
a correspondence between _F-Sobolev and super-Poincare inequalities, and gives consequences in terms of 
isoperimetric and Nash inequalities as well as spectral properties of semigroups. 
- Modified log-Sobolev inequality with cost function c 

(2) Ent M / 2 < f /VffiW 

where c*(x) — sup y (x,y) — c(y) is the convex conjugated of some convex cost function c : R rf — > R + . 
The first modified log-Sobolev inequality was introduced by Bobkov and Ledoux [25j for the exponential 
measure, for c* quadratic on a small interval around zero and infinite otherwise. The main interest of 
modified log-Sobolev inequalities is to imply improved concentration inequalities for product measures as 
well as corresponding inequalities between entropy and transportation cost, see [60], [48], [22], [16]. Modified 
log-Sobolev inequalities, with appropriate cost functions, have been known for some time for the measures 
p a> a > 2, see [26]. They were established only recently by Gentil, Guillin and Miclo [39] to the case 
1 < a < 2 for a functions c* (x) comparable to max(a; 2 , Ixl"^ 0-1 )). See [40], [44], [16] for other examples. 

An isoperimetric inequality is a lower bound of the /i-boundary measure of sets p + (dA) in terms of their 
measure p(A). Recall that for a Borel measure on a metric space (X,p), the boundary measure of a Borel 
set A C X can be defined as the Minkowski content 



p + (OA) = lim inf 



//({at S X\ A; p{x,A) < h}^j 



h^a+ h 

The isoperimetric function of a probability measure is defined for t £ (0, 1) by 

T M (t) =inf {p + (dA); fi(A)=t}. 

One easily checks that the measure fi a , a > 1 satisfy an isoperimetric inequality of the form X^ a (t) > 
K,(a)L a (t), where 

L a {t) = min(<, 1 - t) log 1 "- f . .\ J , t £ (0, 1). 



min(i, 1 — t) 

Indeed the sets of minimal boundary measure for given measure are half-lines for log-concave probability 
measures on the real line, see e.g. |24j . It is well known that isoperimetric inequalities often imply Sobolev 
type inequalities. Indeed a natural way to try and unify the above functional inequalities satisfied by fi a is 
to derive them from the above isoperimetric inequality. Several papers deal with such results (see [47j . |11] 
for the log-Sobolev inequality, [63j for F-Sobolev inequalities). The most general result in this direction is 
given in [44] where inequalities of the following form (encompassing _F-Sobolev and modified log-Sobolev) 



are deduced from isoperimetric inequalities: 




However deriving isoperimetric inequalities is hard. In practice one often proves Sobolev inequalities first 
and then deduce the isoperimetric inequalities from a method of Ledoux (see [37], [H], [S3], P3]) which 
applies when the curvature is bounded below to certain Sobolev inequalities with energy term J |V/| 2 d/i. 

Let us mention a few successful methods to establish Sobolev type inequalities. On the real line, thanks to 
Hardy type inequalities, it is possible to express simple necessary and sufficient conditions for certain Sobolev 
inequalities to hold. This technique was first applied to the logarithmic Sobolev inequality by Bobkov and 
Gotze [3T]. See e.g. [T5], [27J, PS] f° r further applications. 

The semigroup method gives Sobolev inequalities by evolution along the semigroup e tL with generator 
L = A - W.V, for with dfi{x) = e^^dx is an invariant measure. It was developed in the abstract 
framework of diffusion generators by Bakry and Emery [9]. These authors proved the following celebrated 
result: if a probability measure /i on a Riemannian manifold has a density e~ v with respect to the Riemannian 
volume and if for some K > it holds pointwise Hessy + Ric > Kid then for all smooth / , 

Ent M (/ 2 ) < | J \Vf\ 2 dp. 

Here Ric is the Ricci tensor of M. This result was complemented by the following theorem of Wang [62l I64j : 
denoting by p the geodesic distance, if HessF + Ric > K Id with K < and if there exists e > such that 

/^""■''* ,<+ " 

for some xq € M, then /i satisfies a log-Sobolev inequality. 

In their seminal paper 53J Otto and Villani showed that optimal mass transportation allows to derive 
log-Sobolev inequalities. Their approach was streamlined by Cordero-Erausquin [33 and extended in several 
subsequent papers, see [M1I3S1H]- Let us define the basic objects of optimal transport theory and refer to 
the books [S3 [S3] for details. Given /i, v two Borel probability measures on a Polish space X and a cost 
function c : X x X — > R + vanishing on the diagonal, the c-transportation cost from \i to v is 

W c (n, v) = vai\ I c(x, y) dTr(x, y); n € n(/i, v) \ , 
Uxxx ) 

where v) is the set of probability measures on X x X with first marginal fi and second marginal v. 
When an optimal 7r exists it is called "optimal transportation plan" . When an optimal plan is supported 
by the graph of a function T : X — > X, then T pushes forward fi to v and is called optimal transport map. 
The existence and the structure of such optimal plans and maps is by now quite developed, see [61] and the 
reference therein. 

The purpose of this paper is twofold. Firstly we present several new sufficient conditions for variants of 
log-Sobolev inequalities to hold, in Euclidean space and on Riemannian manifolds. The idea behind many 
of them is that measures on M. d with density e~ v verify a variant of the log-Sobolev inequality provided the 
lack of convexity of V is balanced by an appropriate integrability condition. This principle appears clearly in 
Wang's theorem as well as the following result about log-concave measures on R d (for absolutely continuous 
measures, this means that the density is of the form e~ v where V is convex with values in (— oo, +oo]): every 
log-concave probability measure p on R d such that J exp(e|a;| Q ) d/i < +oo for some e > and a > 1 satisfies 
up to constant the same isoperimetric inequality as fi a , namely > nL a . This was proved by Bobkov [20] 
for a £ {1,2} and was extended in [13] to a € [1,2] with an argument that actually applies to a > 1. 

A second purpose of this work is to develop the mass transport approach in order to get new and old 
results in a unified manner. To do this we had to introduce several new ways of handling the terms involved 
in optimal transport. Let us mention that transportation is intimately linked with the entropy functional, 
and therefore naturally yields modified log-Sobolev inequalities. Among other things this paper shows how 
to recover F-Sobolev inequalities, and therefore isoperimetric inequalities. 

Next we describe the structure of the paper and highlight some of the main results and techniques. 
Section 2 is devoted to tightening techniques. A functional inequality is tight when it becomes an equality for 
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constant functions. It is called defective otherwise. Tightness it crucial in applications of Sobolev inequalities 
to concentration or to hypercontractivity properties. A classical method of Rothaus allows to transform a 
defective log-Sobolev inequality into a tight one, by means of a Poincare inequality. It does not apply 
to the modified inequalities. Theorem 12.41 develops a new simple method for tightening general "modified 
-F-Sobolev inequalities" ([3]). This result encompasses and simplifies several existing tightness lemma for 
F-Sobolev inequalities. We also collect known facts about how to derive global Poincare inequalities from 
local ones. 

Section 3 gives a short account of the consequences of isoperimetric inequalities in terms of Sobolev 
type inequalities, with emphasis on the measures satisfying the same isoperimetric inequalities as the model 
measures To do this we combine the main result of [H] with our new tightening results. 

In Section 4 we introduce a new variant of the log-Sobolev inequality, which plays a crucial role in the 
paper. For r G (0, 1] we say that fi satisfies I(t) if there exists numbers B, C such that every smooth function 
/ verifies 

Further results of the paper show that for a G (1, 2), fi a satisfies I(t) for t = 2 — 2/a. The main result of 
the section is that I(t) implies appropriate F-Sobolev inequalities and modified log-Sobolev inequalities. 

In Section 5 we develop the transportation techniques and establish variants of log-Sobolev inequalities 
and isoperimetric inequalities for measures on M. d . Let dfi — e~ v ^ dx be a probability measure, denote 
by f ■ fi the measure with density / with respect to /i. As in previous contributions, the starting point is 
the "above-tangent lemma": if a map T(x) = x + 9(x) is the optimal transport, for a strictly convex cost, 
pushing forward a probability measure / • fi to /i then 

(4) Ent,J<-/ (Vf,6)dn+ f V v (x,T(x))fd»(x), 

where the convexity defect is 

V v (x, y) = - (V(y) - V(x) - ( W(x), y - z}) . 

Under additional integrability assumptions we prove corresponding modified log-Sobolev inequalities and 
Inequalities I(t). The main part of the work consists in estimating the last term involving the convexity 
defect. This can be done when 

1) T>v{x, y) has an upper bound of the type co(x — y) and /x satisfied certain integrability assumption, 

2) V is controlled by a function of the type GiVV) and AV grows slower than |VV^| 2 , 

3) V satisfies V(x) < Ci(W(x), x) + C*2 and certain integrability assumption on VV, 

4) V is obtained by a perturbation of some convex potential. 

We recover and extend the Euclidean version of Wang's result. A simple new result asserts that when 
T>y(x,y) is upper bounded by Xc{x — y) where c is a strictly convex cost and A > then /x satisfies a 
defective modified log-Sobolev inequality with cost c provided there exists e > such that 

We also extend a theorem of Bobkov on the isoperimetric inequalities for log-concave measures. Our results 
imply in particular that when D 2 V > — Kid and / exp(e|cc| Q )<i^(a;) < +00 for some K > 0, e>0, a > 2 
then fj, satisfies an isoperimetric inequality on the model of \x a . We generalize this result for the Riemannian 
case in Section 7. 

Section 6 provides improved bounds for specific measures on R. For instance we recover by transporta- 
tion techniques the modified log-Sobolev inequalities satisfied by the exponential measure. We propose an 
interpretation in terms of transport of the condition \f'/f\ < c that appears in the result of Bobkov and 
Ledoux. This is related to a simple fact in the spirit of the Caffarelli's contraction theorem [29] . 

In Section 7 we generalize some results obtained in this paper to Riemannian manifolds. We apply the 
manifold version of (]3|) obtained by Cordero-Erausquin, McCann and Schmuckenschlager in |36j for quadratic 
transportation cost. We consider a smooth complete connected Riemannian manifold without boundary 
M with a probability measure [i — er v dvol. In particular, we establish Sobolev type inequalities and 
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isoperimetric inequalities for p such that D 2 V + Ric > and e Ep ' l0 ' x ' £ L x {p), where p is the Riemannian 
distance, e > and xq is an arbitrary point on M and a £ (1,2]. 

Most results of the paper apply to measures with the tail behavior of the order e - ' 31 ' with 1 < a < 2 
(apart from Section 3, Subsection 5.4 ( Corollary 1 5. 14| . Theorem 15.161 and Theorem [72]) . Nevertheless, some 
of our results for a < 2 can be adapted to a > 2. 

Dealing with a > 2 differs from the opposite situation in several respects. First of all, unlike the case 
a < 2, we don't have /^--inequality which allows to prove both F-Sobolev and modified log-Sobolev inequality 
in a suitable form. Nevertheless, estimating the linear term in the same way as in Lemma 15.21 Lemma 15. 31 
we can prove in many cases the defective modified log-Sobolev inequality with c = \x\ a . The tightening 
procedure can be done with the help of Propositions 12.11 and 12.101 due to the fact that the modified log- 
Sobolev inequality for the cost function |a;| a is equivalent to the corresponding q-\og Sobolev inequality with 
q = a* . However, in this case one has to prove (or assume) local g-Poincare inequalities. In the case of 
M. d and locally bounded potential V this can be shown by Lemma l2.9[ since the Cheeger inequality implies 
g-Poincare inequalities for q > 1. Finally, we note that the reader can easily check that Theorem [523 a) and 
Theorem 15.251 hold also for a > 2 in the case of modified log-Sobolev inequality. 

List of the main objects considered in this paper 

• Ambient space: We work in the Euclidean space (•, •), | • |) or on a Riemannian manifold (M,g) 
for which the geodesic distance is denoted by p. 

• Duality: If a > 1 we denote by a* the number such that — + -V = 1. This is consistent with the 
definition of the convex conjugate (or Fenchel-Legendre transform) of a function c* (x) = sup y (x,y)~ 
c(y), since the conjugate of x i— > |x| a /a is x <—> \x\ a / a* . 

• Special cost functions: for a > 1, t 6 M, c a (i) = < i?m ^ „ ^' 

w I JaL + 2=1 if M > l. 

Note that c* = c a *- For a £ (1,2], up to multiplicative constants c a (t) w min(i 2 , \t\ a ) whereas for 
a > 2, c a (t) w max(i 2 , |i| a ). 

• Special generalized entropies: F T (t) — log T (l + t) — log 1 " (2), t > 0. 

• Modified log-Sobolev inequality (MLSI) for a cost function c: 

f2 / /• WlV/1 



Ent M ^ < / f c *\L-±±) dfl 



More general functions of ^ are sometimes considered. 
F-Sobolev inequality (FSI): 

The g-F-Sobolev inequality (qFSI) is defined with the same formula, replacing f 2 by \ f\ q and |V/|* 
by |V/| 9 . When F — log this is the classical log-Sobolev inequality (LSI). 
Inequality I(t): 

Ent M (/ 2 ) < B J fdp + cj | V/| 2 log 1 " 7 + jjr^) d ^ 
Poincare inequality (P) 



/- / I dp 2 



dp<E J \Vf\ 2 dp. 



For the g-Poincare inequality (qP), write q instead of 2. 

Acknowledgements: We would like to thanks Dominique Bakry, Jerome Bertrand, Michel Ledoux, As- 
saf Naor and Zhongmin Qian for useful discussions and for communicating several references to us. The 
second author would like to express his gratitude to the research team of the Laboratoire de Statistique et 
Probabilites from the Universite Paul Sabatier in Toulouse, where this work was partially done. 
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2. HOW TO TIGHTEN THE INEQUALITIES 

The results of this section apply in rather general settings. For simplicity we assume that /i is a probability 
measure on a Riemannian manifold, and is absolutely continuous with respect to the volume measure. 

2.1. Translation invariant energies. The following result of Bobkov and Zegarlinski [57] is an extension 
to q 7^ 2 of an argument going back to Rothaus [55] , 

Proposition 2.1. Let q G (1,2]. Assume that a probability measure \i satisfies a defective q-log-Sobolev 
inequality as well as a q-Poincare inequality: 

Ent M (|/|<0<C flVf^dfi + D [\f\ q d(i and f \f - J f d^dfi < E f \Vf\ q dfi. 

Then it automatically satisfies a tight q-logarithmic Sobolev inequality 

Ent p (|/|«)<16(C+(U + l)£) J |V/| 9 d/i. 

This is a simple consequence from the following inequality (see |58[ 127) for its proof) 

Ent M (|/n < 16(Ent A1 (|/-|/d M n + j \f - J fd^df^j. 

Remark 2.2. For q > 2 it is not possible to have Ent^d/I 9 ) < K J \Wf\ q dfi, as for / = 1 + eg where e — > 
the left-hand side behaves like e 2 whereas the energy term is of order e q . 

Remark 2.3. The change of functions f q = g 2 turns the g-log-Sobolev inequality into a modified-log Sobolev 
inequality with function c*(t) proportional to \t\ q . 

2.2. Modified energies. The method of Rothaus relies on the invariance the energy term J | V/| ? d/i under 
translations / i— > f + t, t £ M. In general, this property fails for the modified energy J f 2 H(\\7 f\j f)d/j,. This 
quantity may be very different for / and / = / — fi(f). This is why another approach is needed. The next 
theorem allows to tighten quite general inequalities. It encompasses several tightening results for _F-Sobolev 
inequalities given in [14j . 

Theorem 2.4. Let H be an even function on R, which is increasing on M + and satisfies H(0) = and 
H(x) > cx 2 . Assume that there exists q>2 such that x i— > H{x)/x q is non-increasing on (0, +oo). 

Let F : (0, +oo) — * K be an non- decreasing function with F(l) — 0, such that x i— » xF(x) is bounded from 
below and one of the following properties is verified for some A > 1 

(i) the function $(x) = xF{x) extends to a C 2 -function on [0,v4 2 ], 

(ii) there exists a constant d > such that for all x E (0, A 2 ], F(x) < d(x — 1), 

Assume that a probability measure \x satisfies a defective modified F-Sobolev inequality: for all f , 

If n also satisfies a Poincare inequality, then there exists a constant C such that for every f , 

The proof requires some preparation. 
Lemma 2.5. Let f be a function such that J f 2 d[i — 1. Let A > 1. It holds 

A ^ 2 



(5) td^ < —— Var M (/). 



f 2 >A 2 



A—l 



If F is as in Theorem \2.4\ above, then there exists a constant 7 depending on A and F only such that 
(6) / f 2 F(f 2 ) d^ < jVar^(f) + [ f 2 F(f 2 ) dfi. 

J Jf 2 >A 2 
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Proof. Since Var^d/Q < Var Al (/) we may assume that / > 0. In this case, when / > A 

f > / - m(/ 2 )' =f-i>f-j = 

Inequality ([5]) follows by integration. 

Next we establish Inequality © when F satisfies Hypothesis (i) of Theorem l2.4l Let / > with n(f 2 ) = 1. 
Noting that $(1) = and <&'(!) > 0, we have by Taylor's formula 



f 2 F{f 2 )d^ = j ($(/ 2 )-$(l)-4>'(l)(/ 2 -l))^ 

< / ( max $") (/2 ; 1)2 d/i + / ($(/ 2 ) - $(1) - 4>'(1)(/ 2 - 1)) dp 

Jf 2 <A 2 V I .- 4 1 7 2 Jf 2 >A 2X ' 

< ( max $") /(/ - l) 2 ^ + / $(/ 2 ) ^ 
max $") (A + l) 2 Var Al (/) + ( f 2 F(f 2 ) dfx, 

[0,A 2 ] J Jf 2 >A 2 



where the latter inequality follows from the bound J (/ — m(/ 2 )^) 2 ^A 4 — 2Var M (/), which is readily checked 
by expanding the square. 

Finally, if the function F satisfies Hypothesis (ii) of Theorem [23] we simply observe that J f 2 F(f 2 ) d/i — 
J f 2 F{f 2 ) - d(f - 1) dn and note that on {/ 2 < A 2 }, 

f 2 F(f 2 ) - d(f 2 - 1) < f 2 d(f 2 - 1) - d(f 2 - 1) - d(/ 2 - l) 2 < d(A + 1) 2 (/ - l) 2 . 

The claim follows by the same method. □ 

Lemma 2.6. Consider functions F and H as in Theorem \2.4\ and set m = — inf te m ji tF(t) > 0. Let fi be 
a probability measure \i such that for all f , 

f F ( -4^) d»< I f 2 H( 1 ^) d» + D [ f 2 d». 



\Kf 2 )J ^-J J W 

Then for r\ > and all functions f with /i(/ 2 ) — 1 it holds 

[ f 2 F(f 2 ) d»< [ f 2 H(^H) d»+(D + m ) ( f 2 d». 

Proof. It is enough to work with non- negative functions. The change of function f 2 = g q yields 
Since for t>0,tF(t)> tF + (t) - m, we get 

(7) Jg q F+ (j£^j d^<J 9 q H(^) d^+(D + m)J g q d^. 

Given a non-negative function ip with fJ.(<p q ) — 1, we apply the latter inequality to g = 9(ip) where for x > 

1 + 2i] 

0(x) = — - — (x - 1 - 7?)l x6 [ 1+J7>1+27) ) + xl x > 1+2n . 

Obviously for x > 0, 9{x) < xl x >i+ v < x. Hence 

fi(g q ) < fi(v q l v > 1+11 ) < = 1. 

This estimate, together with the fact that ip — g when 7 > 1 + 2rj, yields 

9 Q \ f ,_<,„ ( V 9 \ f ..or, ( ^ 



g q F + -f- )d^> V q F + -f— \dn> l p"F+ -f— d M = / <p«F(<p*)d(i. 

\v(g q )J J v >i+2 V \Kg q )J J V >\+2 V \Kf q )J J v >i+2 V 

Finally, since Vg = when tp < 1 + ?y, and |Vg| < 2|Vy| when tp > 1 + 77 

^ < / d, < / , q H (^i) d », 

J v 2g J J v >i +V V ff / J y >i +t? \ ip J 



where the last inequality follows from g < tp and x <— > x q H(l/x) non-decreasing on (0, +00). From the above 
three estimates, Inequality ([7]) gives for <p with n(ip q ) — 1 

f <p q F{<p q )dn< f V q H(^^-)dfi+(D + m) f tp q dp. 

Jip>l+2ri Jtp>l+ri \ <p J Jip>l+ri 

The claim follows from the change of functions f 2 — ip q . □ 

Proof of Theorem \2.4\ By homogeneity we may assume that J f 2 d[i — 1. Let 77 > such that A 2 = (l + 2r)) q . 
Combining the previous two lemmas 

[f 2 F(f 2 )dfi < 7 Var p (/)+f f 2 F(f 2 )dfi 

J J f 2 >(l+2v) q 

< 7 Var |i (/) + j f 2 H0^-)d^+{D + m) [ f 2 dfi 

J K J ' Jf 2 >(i+v) cl 

< (j+(D + m)(-^- j y^V a r,(f) + 2 q J fH^jP-) d M , 

where we have used again that H(x)/x q is non-increasing. Finally we apply Poincare's inequality and the 
bound H(x) > cx 2 , 

'|V/| 



Var„(/) < C P J |V/| 2 ^ < ^ J f 2 H 



f 



d/i. 

□ 



2.3. Tightening for free: local inequalities. Local inequalities are easy to derive for locally bounded 
potentials by standard perturbation techniques. In many cases they allow to tighten defective inequalities. 
They are defined below. 

Definition 2.7. Let q > 1 and /i be a probability measure. One says that /i satisfies a local g-Poincare 
inequality if for every 77 £ (0, 1), there exists a set A with fx{A) > r\ such that the measure [ia = \ -/x 
satisfies a g-Poincare inequality, meaning that there exists Ca < +00 such that for every smooth /, 

(8) J\f- HA{f)\dn A <C A J \Vf\ q d^ A - 

When q = 2 we just say that \x verifies a local Poincare inequality. 

2.3.1. Isoperimetric inequalities. The goal of this paragraph is to show how to extend isoperimetric inequal- 
ities when they are known only for sets of small or large measure. The argument is based on local Cheeger's 
inequalities (which arc equivalent to local 1-Poincarc inequalities). One gets the following convenient result. 

Proposition 2.8. Let I : [0,1/2] — > K + be an non- decreasing function with I(t) > for t > 0. Let 
e G (0, 1/2). Assume that a probability measure /i = e~ v ^dx on R d admits a locally bounded potential V 
and satisfies for every set A 

Lt, + (dA) > 1(a), when a = min(/z(A), ^i(A c )) < e. 

Then there exists a constant c such that arbitrary sets satisfy /i + (dA) > c/(min(/i(A), /i(A c ))). 

The proof is based on the following easy fact: 

Lemma 2.9. Let /i = e~ v ( x 'dx be a probability measure on R d . Assume that V is locally bounded. Then 
for every r > there exists a constant C r such that the measure /is,. = ^Jpj^y ' A* satisfies for every set A, 

li + Br {dA) > C r mm(fi Br (A)^ Br {A c )). 

Proof. First recall that a probability measure v satisfies Cheeger's isoperimetric inequality with constant c 
means that for every set cv + (dA) > min(i/(A), v(A c )). This is equivalent to the functional inequality 

\f-med u (f)\dv<c f \Vf\dv. 



Using the variational expression of the median 

/ |/ - med v {f)\dv = inf / \f - a\ dv, 

J aeKJ 

one easily checks that the above inequality for v can be transferee! to any perturbed probability r\ — e 9 ■ v as 

|/ - medj/)]^ < ce sup5 - inf 9 / |V/| drj. 



Since the uniform probability measure on B r satisfies Cheeger's isoperimetric inequality, so does the measure 
fx b t (indeed V is bounded from above and below on B r ). □ 

Proof of Provosition \2.£\ Consider an arbitrary set A with n(A) S [e, 1 — e]. It is enough to find a universal 
constant C > for which fi + (dA) > C. To do this, choose R such that [J.(Br) = 1 — e/2. Plainly 
PbM < (1 - e)/(l - e/2) < 1 and 

^t(A) + h{Br) — /jQA n -Br) e+l-f - 1 e 

^ r(A) = JUbr) " KBr) = — >0 - 

By the previous lemma, /ig s satisfies Cheeger's isoperimetric inequality. Hence there is a constant K > 
(depending only on e and n) such that /4 R (<^) > K. Finally ^+(<9A) > fi(B R )fi^ R (dA) > (1 - e/2)^. □ 

2.3.2. Sobolev inequalities. Next we deal with defective F-Sobolev inequalities. In the case g = 2 the following 
result is a consequence of several existing results in the literature (Rockner-Wang [56! show that a local 
Poincare inequality implies a weak Poincare inequality, Wang |63j shows that a weak Poincare inequality and 
a specific super Poincare inequality implies a Poincare inequality, and that defective -F-Sobolev inequalities 
imply super-Poincare inequalities. See also Aida [3].) However these results do not provide explicit constants. 
The next proposition gives a concrete bound with a straightforward proof. 

Proposition 2.10. Let q > 1. Let F : (0, oo) — > K be a non- decreasing function with F(l) — 0, F(+co) 
■ x and such that for all x £ (0, 1), xF(x) > —M, where M G [0, +oo). Let \x be a probability measure. 
Assume that fi satisfies a local q-Poincare inequality §8§, and the following defective F -Sobolev inequality: 
for all smooth function f 

Then it satisfies the following q-Poincare inequality: for all smooth f 

i/- M( /)r^<6(rt +i ^) J wwd* 

with K = K(max((l + (2-3 1 /^ 1 ))- 1 )^ 1 ,l- *(4(.D + M))) -1 )) , where n(r) = inf{c A ; K A ) > r} 

for r € (0, 1), and F+ 1 is the generalized left inverse of F + = max(i^, 0). 
Proof. Since F > F + — M the hypothesis implies, for all / 

(9) J \f\ q F + (^J^J d(,<cj |V/|'d/i + (D + M) J \f\H». 

Without loss of generality we consider a function / with //(/) = and ni\f\ q ) — 1. Given a set A to be 
specified later, we write 



djji. 



(10) i = J \f-(x(fwd» = J \f\«dn = | J 

We bound the first term by means of the local g-Poincare inequality, noting that J f d\i = implies that 
J fl^dfi — — J dfi. By the convexity relation \x + y\ q < 2 9 ~ 1 (|x| 9 + \y\ q ), we get for any probability 
measure 

(11) / Iff - v{9)\ q dv > / VA q dv - Hg)\ q - 
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The local g-Poincare inequality hence guarantees 



j\f\"l A dn < ^ ^^-f +2 q - 1 CA J \Vf\«l A d» 

< 2^J \f\«d» (^p)' 1 + ^- 1 c A J |V/|«d M . 



The second term in Equation ([10]) is estimated using duality, and the defective F+-Sobolcv inequality ([9]). 
For a non-negative non-decreasing function G on R + we apply the inequality xy < xG(x) + yG~ 1 (y) (This 
is obvious if y < G(x). If on the contrary y > G(x) then x < inf{u; G(u) > y} = G^ 1 (y)). For e > 0, 



j\f\«\ A cdn = ej\f\^dn<ej\f\"F + {\f^)dn + ej^F^{^ 

\Vf\«d» + e(D + M) j |/|«d M +(l-/ 1 (A))F+ 1 (i) 



eC 



Using both estimates and recalling that J \f\ q d^L = 1 gives 



1< (2 1 1 +e(D + M) + (l- f ,(A))F+ 1 (±)+(2«- 1 C A +sC) J |V/|^ M - 

To conclude we choose e = 1/(4(13 + M)), and ^4 large enough to ensure (l — fi(A)} F+ 1 (^^J < j and 
^2 1 ^j^ S> ) < §■ Using again J \f\ q d/i = 1 we obtain for / with f f d/i = 



J m »<6(2^C A + w ^)J\Vf\*d» 



provided fi(A) > 1 - 1/(4F+ 1 (4(D + M))) and > l/(l + (2 • S 1 /^ 1 ))" 1 ) . Optimizing on such sets 

yields the claimed result. □ 

Remark 2.11. When q — 2 the estimates can be improved since (TlTT) can be replaced by the variance identity. 
Also when F = log, the duality of entropy may be used to get a more precise bound 

J |/| 9 l A .<eEnt M (|/|«)+elog (J e^d^j = eEnt M (|/|») + elog (//(A) + (l - p(A))e$ 

Remark 2.12. The translation invariance of the energy term was implicitly but crucially used. If satisfies 
a local Poincare inequality and a defective modified log-Sobolev inequality with function H(x) > cx 2 then 
the above method yields / / 2 d/x < D J f 2 H(\V f\/ f) dfi for functions / with fi(f) = 0. 

Here is a direct consequence of Propositions 12.101 and 12.11 

Corollary 2.13. Let q G (1,2]. If a probability measure /1 satisfies a defective q-log-Sobolev inequality as 
well as a local q-Poincare inequality, then it satisfies a tight q-log-Sobolev inequality. 

The next classical result yields local Poincare inequalities under mild conditions. 

Proposition 2.14. Let (M,g) be a connected smooth and complete Riemannian manifold. Let dfj,(x) — 
e~ v ( x 'dv(x) be a Borel probability measure on M (here v is the Riemannian volume). IfV is locally bounded, 
then \i enjoys a local Poincare inequality. 



Proof. In Euclidean space, we could proceed like in Lemma 12.91 In the general, we use the following fact, 
known as the Calabi lemma (see e.g. JTO] ) : let x$ € M, then D = M\ Cut(iro) is an Xq- star-shaped domain. 
Moreover there is a sequence of pre-compact xo-star-shaped domains D n with smooth boundary such that 
D n C D n+ i and D = [J n D n . Since the Neumann Laplacian of a compact manifold with boundary has a 
spectral gap (see e.g. [38] ). the uniform probability measure on each D n satisfies a Poincare inequality. Next 
the measure dfio n {%) — ^irfrT d[i(x) — e~ v ^dv(x) is a bounded (multiplicative) perturbation of the 
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uniform probability measure on D n . It is classical that is therefore inherits the Poincare inequality. Finally 
]im[i(D n ) = A*(U n D n ) = 1 — ^(Cut(xo)) = 1 since the cut locus has volume zero. □ 

3. Functional inequalities via isoperimetry 

Isoperimetric inequalities are known to imply Sobolev type inequalities. Next, we illustrate this principle 
for _F-Sobolev and modified log-Sobolev inequalities. In this section dfi(x) = p(x) dx is a probability measure 
on R d and 1^ stands for its isoperimetric function: 

TM) = inf fi + (dA). 

AcR d :»(A)=t 

The next statement allows to derive general "modified F-Sobolev inequalities" from isoperimetric estimates. 
The first part of the theorem, dealing with defective inequalities, was established in [44]. The tight inequality 
of the second part easily follows from Lemma [2751 and Lemma f2T6l We deal below with a non- negative convex 
cost function c : R + — > R + with c(0) = 0. We recall that c is called superlinear if lim x ->oo ^r^r = oo. 

Theorem 3.1. Assume that /x has convex support. Let c : R + — > R + be a convex superlinear non-negative 
cost function, such that for some non-negative n : R + — > R + with limfc^o n(k) = the following holds: 

for any x, k > c{kx) < n(k)c(x), c*(kx) < n(k)c* (x). 

Let F be an increasing concave function on R + satisfying F(l) — 0, F(+oo) = +oo and lim^o yF{y) = 0. 
Let $(t) = sup s>0 (si — sF(s) + s). Assume that there exist S > 0, r\ G (0, 1) such that 

way 



dt < oo. 



Then there exist C, B > such that for every locally Lipschitz f 
(12) 



f 2F ( f L )dfX<C [ f c *(^f)dtx + B f f 2 dp. 

JR d f t 1 J» d V / 1 JR d 

If in addition, there exists q > such that x — > c*(x)/x q is non-increasing, then the inequality can be made 
tight in the following way: the last term J f 2 d\i can be replaced by Var (U (/). 

Let us give a concrete example, which is central in our study. In what follows, F T is any concave increasing 
function on R + vanishing at 0, behaving like log r for large values and with lim^o yF(y) — 0. It can be F T 
for r e (0, 1], but for r > 1 the definition has to be modified to ensure concavity. 

Corollary 3.2. Assume that the probability measure fi verifies 



(13) l^(t) > k min(t ,1 ~t) log 1 - ^ ( . \ ), te[0,l}. 

Vmm(i, \ — t)J 

If a € (1,2] then there exists C such that for all f 

I / 2j? 2/a* ( j f * ) dfi<C [ \Vf\ 2 dp and Ent M (/ 2 ) < C [ fc a J?f) d». 

If o > 2 then there exists C such that all f verify 

I f 2p y«* ( r f ~n-A W < C / |V/| 2 ^ and Ent M (|/| Q *) < C [ |V/| Q * dfx. 
jR d \jR d J a ^J JR d JR d 

Proof. Applying Theorem 13.11 to c(x) — x 2 and F — F 2 / a * yields defective F-Sobolev inequalities. How- 
ever (Tf"3"|) implies Cheeger's isoperimetric inequality T^it) > fc'min(t, 1 — t). Hence \x satisfies a Poincare's 
inequality and this allows us to tighten the inequalities by Theorem 12.41 
Applying Theorem 13. ll for F = log and c(x) = \x\ a shows that for all / 



1 



Ent^/ 2 ) <C J f J- d^ + B J fdfi 



When a < 2, there exists a constant k such that |a;| Q < kc q *(x). Applying this bound yields an inequality 
which can be tightened thanks to Theorem 12.41 and the Poincare inequality again. When a > 2, a* € (1, 2], 

li 



making the change of function f 2 = g a in the above inequality yields a defective a*-Sobolev inequality. 
Cheeger's isoperimetric inequality also implies that /i satisfies a*-Poincare inequality (see, for example, [23j). 
By Proposition 12 . 1 1 this is enough to tighten the a* -log-Sobolev inequality. □ 

Remark 3.3. Recall the following fact that we mentioned in the introduction: every log-concave probability 
measure on E rf such that J exp(e\x\ a ) dfi < +oo for some e > and a > 1 satisfies f| 13[) for some k > 0. See 
also Subsection 15.41 where the log-concavity assumption is weakened. 

Remark 3.4. One can also establish functional inequalities interpolating between the above F-Sobolev in- 
equalities and modified log-Sobolev inequalities. In particular the above theorem implies the next result, 
which was proved in [33], with the restriction 1 < a < 2: if /i satisfies (fT"3"|) for some a > 1 and if to* > 2 
then there exists C such that for all / 

t fP ^p \,..,~t «. (vi 



dfi < C 



dfx. 



Remark 3.5. The techniques of |44j allow to show that every measure fi satisfying the isoperimetric inequality 
(fT3|) for some a G (1, 2] also verifies the inequality J(r) introduced in the next section, when r = 2/a*. 

4. Inequality Z(t) 

In this section we introduce a new variant of the logarithmic Sobolev inequality. For r S (0, 1] we say 
that a measure [i satisfies Inequality J(r) if for some constants B, C and all / 

P 



J(r) 



Ent^ <B / f'dn + C V/ log 



d/i. 



We show next that any probability measure satisfying I(t) and a local Poincare inequality, automatically 
satisfies an F T -Sobolev inequality as well as the corresponding modified log-Sobolev inequality. Recall that 
for F T (t) — log r (l + 1) — log T (2) and that for /3 > 2, Cp(t) is comparable to max(i 2 , t 13 ). 

Theorem 4.1. Let r € (0, 1] and a G (1, 2] &e related by t — 2 ( a ~ 1 > . £ e £ ^ be a probability measure satisfying 
Inequality I{t). Then there exist constants B^Ci such that for all f 

-,2 



(14) 



(15) 







dfj,<B! / g z d^ + d / Vg d/Lt, 



Ent AI / 2 < B 2 / / 2 d/x + C 2 



7/ /i aZso verifies a local Poincare inequality, then {1$ and hi 5}) can be tightened (i.e. one can take Bi = 0). 

Proof. Let r G (0,1). First we deduce (fT"5)) from X(r). Assume as we may that / is non-negative with 
J f 2 dfi = 1. Our task is to bound from above the quantity J |V/| 2 log 1_T (e + f 2 ) dfj,. Since r G (0, 1), we 



may apply Young's inequality in the form xy < tx 1 / 7 
xlogx + e: 



+ (1 — t) y 1 '^ 1 T ) and the easy inequality x log(e + x) < 



IV/riog^^e + Z 2 ) < e 2 f 



2 f 1 



r(^)%(l-r)log(e + / 2 ) 



• re 



2(i-i)j2 



V/ 



e 2 (l-r)/ 2 log/ 2 + £ 2 (l-r)e. 



Taking integrals and using the fact that up to constants c a *[t) is comparable to max(i 2 , |i| 2 / r ), we obtain 
that for some constant Bq depending on a 



|V/| 2 log 1 "^ + f 2 ) d M < e 2 (l - r)Ent M (/ 2 ) + e 2 (l - r)e + 



re 



2(1- 



B / fc 



dfi. 



If we choose s > small enough to have Ce 2 (l — r) < 1/2, the above inequality can be combined with 
Inequality T(t) to obtain the defective modified log-Sobolev inequality (fT5| . 



In order to show that T(t) implies a defective -FV-Sobolev inequality, we consider 

x 2 

= — , , x&R. 

y ' log^ie + x 2 ) 

Let us fix a positive Lipschitz function g. We denote by L the Luxembourg norm of g related to 

L = inf | A; J dpi < 1 

Thus by definition / d/x = 1. Since < a; 2 , one has 

L 2 < J g 2 dpi. 

Set / = ip(g/L) := y/$(g/L). Note that / / 2 d^ = 1. Thus by hypothesis, 

(16) J flog f 2 dpi <B + C /'|V/| 2 log 1 - T (e + / 2 ) d M . 
The left hand side of this inequality equals to 

2 log/ 2 d M = / r— logf t-^- 

&J * J L 2 \oi- T {e + g 2 lL 2 ) 6 \L 2 log 1 ^ (e + g 2 / L 2 ) , 

It is not hard to check that there exists a constant k > depending on r e (0, 1) such that for all a; > 0, 

; i-r, T 7 log ( ] i-r^ 7 n ) - -«+-^log T (e + x), 
log (e + x) \log (e + x)/ 2 

for instance the existence of a finite n for x G [0, 4] is obvious by continuity, whereas for x > 4 one may use 
\/x > log(e + x) and the bound a; log a; > xlog(e + x) — e. Hence there are constants Kx,K2 > depending 
on r such that 

(17) J f\ogfdp l >-n 1 + ^ Jg 2 F T (^)dpi 
Now let us estimate the gradient term in (fl6|) . Recall that / = ip(g/L), where 

</?(x) = t— . 

log 2 (e + x 2 ) 

Elementary estimates show that there exists M > such that for every x > 

M 



1^)1 < 



log 2 (e + x 2 ) 

Applying this bound together with the estimate f 2 < j2 we obtain 



/ |V/| 2 log^( e + / 2 )d,< % [ \Vg\ 2 lQ f J*'? d,<^[ \Vg\ 2 dpi 



Combining the latter inequality with (|16[) and (jTTJ) we get that 

^2 / 9 2F r(^) dpi < (B + Kl ) L 2 + CM 2 /" |V 3 | 2 dpi. 

The claim follows from the estimate L 2 < J g 2 dpi and monotonicity of F T . 

If pi satisfies a local Poincare inequality, then the defective -FV-Sobolev inequality is enough to apply 
Proposition 12.101 Hence pi satisfies a Poincare inequality. By Theorem 12.41 this is enough to tighten both 
CL1 and Hil). □ 

5. Optimal transportation and functional inequalities. 

The optimal transport theory is widely represented in surveys and monographs and the reader can consult 
[HEHEl] for definitions and main results. 
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5.1. The above-tangent lemma. The application of the optimal transportation techniques to functional 
inequalities is based on the following remarkable estimate called " above-tangent lemma" . It has numerous 
applications to functional inequalities (especially Sobolev-type inequalities). From a more general point of 
view this inequality comes from convexity of some special functional (the so-called "displacement convexity"). 
This notion has been introduced by McCann in [5T] . For more details about displacement convexity, above- 
tangent inequalities and applications, see [H I5H 1551 [571 I5B1 121 H51 125] . 
Given a function V on M. d we define its convexity defect 

(18) V v (x, y) = - (V(y) - V(x) - (VV(x), y - x)) . 

Lemma 5.1. Let g ■ fi and h ' fi be probability measures and T : R rf — > R d be the optimal transportation 
mapping pushing forward g ■ fi to h- fi and minimizing the Kantorovich functional W c for some strictly convex 
superlinear function c. Then the following inequality holds: 

Ent^g < Ent^/i + / (x — T(x), Vg(x)} dfi + / T>y (x, T(x))g dfi. 

Sketch of proof. Without loss of generality one can assume that g and h are smooth and bounded. By the 
change of variables formula 

log g = log h(T) +V- V(T) + log det DT. 
Integrating with respect to g ■ fi and changing variables, one gets 



Ent^.g = Ent^/i + / (V - V(T) + log det DT)gd\i 

= Ent /1 /i+ / \x-T(x),W(x))gdfi + J V v {x, T{x))g dfi + J logdet DT g dfi 
<Ent /1 ft + J (x -T 7 X7g)dfi + J V v {x,T(x))gdn 
+ J [Tr(J - DT) + log det DT] g dfi 

The claim follows from the fact that the last integrand is non-positive. This is due to the structure of the 
optimal transport T which ensures that pointwise, DT can be diagonalized, with a non-negative spectrum. 

□ 

This lemma tells that the convexity type information about the potential V, i.e. an estimate of T>y in 

V(y) = V(x) + (y- x,VV(x)) - V v (x,y), 
passes to the entropy functional on the space of probability measures 

Ent M (/i) > Ent M (s) + / (T(x) - x,Vg(x)) dfi - / V v {x,T(x))g dfi. 



The second term of the right-hand side is linear in the displacement 6(x] = T(x) — x. It can be thought of 
as the linear part in the tangent approximation of the entropy functional. We will call it the " linear term" . 
Our aim is to derive modified LSI inequalities using the " above- tangent" lemma for g = f 2 and h = 1: 

(19) Ent^/ 2 ) < 2 f(x - T(x), Vf(x))f{x) dfi{x) + f V v (x, T(x))f{xf dfi{x). 



We will show that the "linear" term in the above inequality can be estimated by assuming the integrability 
of exp(e|cc| p ) for some e > 0,p > 1. Estimating the term involving T>y is more difficult and can be done by 
different methods, under various assumptions. When T>y(x,y) < c(y — x), the integral involving T>y can be 
upper-bounded by the transportation cost from f 2 ■ fi to fi when the unit cost is c. This argument was already 
used many times. We will see in the next subsections that estimates of the form T>y (x, y) < <p(x) + ip(y) are 
even more convenient. 
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5.2. Estimation of the linear term. The classical estimate is recalled in the next two lemmas 

Lemma 5.2. Let c be a convex cost function. Assume that T pushes forward f 2 ■ fi to /j,, and is optimal for 
the cost c. Then for every a > 0, 

/ 2{Vf,x-T(x))fdn<a[ c* (^^) fdfi + aW c (f 2 ■ fi, . 

Proof. We simply apply Young's inequality (u, v) < ac(u)+ac* (v j a) to u = T(x)— x and v = — 2V/(x)//(x), 
and integrate with respect to / 2 ./i. The conclusion comes from J c(T(x) — x)/(x) 2 dfi(x) — W c (f 2 ■ jj,, /it). □ 

It is well known that the transportation cost W c in the above lemma can be estimated in terms of the 
entropy of f 2 if \i has strong integrability properties. This is recalled now: 

Lemma 5.3. Let /x, f ■ fi and g ■ fi be probability measures and c a cost function. Then for all a > 0, 
W c (f ■ n,g ■ n) < alog ( / e^ 1 dfj,(x)dfi(y) J + a(Ent M / + Ent M s). 

\JWL d J 

In particular for any Borel sets A, B, 

W c (fi A ,/j, B ) < alog (^J ^ dfj,(x)d(j,(y)j + alog 



n(A)ti(B) 



where (j,a is the conditional measure ha = 

Proof. We bound the transportation cost from above by using the product coupling: 
W c (f ■ n,g ■ fi) = inf | J c(x, y) dir(x, y); n with marginals f.fj, and 

< a [ ±iyl f{x)g{y)Mx)My) 

J a 

The classical inequality / tpipdu < (J tpdv) log(J dv) + Ent„(</?) yields 

W c (f -fj,,g- //) < alog (^J e^^ 1 dfj,(x)dfj,(y)j + aEnt^(f(x)g(y)). 

The claim follows. □ 

The next result provides a new way to deal with the linear term in the above tangent inequality, in relation 
with Inequality I(t). It is quite flexible, as it does not require the transport to be optimal. 

Proposition 5.4. Let a £ (1, 2], 5 > and let [i be a probability measure such that 
(20) / e slxl " dfi < oo, 



Let T be a map which pushes forward a probability measure f 2 • ft to /i. Then for all e > there exist 
C\ , C 2 > depending on 5, a and the above integral such that 



(Vf(x),x-T(x))f(x)d f i(x)<C 1 + C 2 / iV/plog^e + ZVM + eEnV/ 2 , 
where we have set r = 2a ~ 2 = -2- g (0, 11 . 

Proof. Note that 2 J (V/(x), x — T(x))/(x) dfx(x) is not bigger than 

6 I i i-T^m vJ s-r(a)! 2 <*/*(*) + J / iV/pV-^e + Z 2 )^ 
7 log 1 r (e + .f 2 (x)) £ 7 

for arbitrary e. Since |x - T(x)| 2 < 2|x| 2 + 2|T(x)| 2 and 1 - r > 0, we get 
( 21 ) / ; ijy\,, rr \x-T(x)\ 2 d»(x) 



log 1 ^ (e + / 2 (x)) 



< 2 



/ 2 (*) 



log 1 "- (e + / 2 (x)) 
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|x| 2 ^(x) + 2 J f 2 (x)\T(x)\ 2 d^(x). 



We apply the inequality ab < aip(a) + bip a, b > for the function <p(t) = e^* 1 — 1, and get 

log (e + / 2 (x)) 

/ 2 /2, A , / 



< 



log^e + Z 2 ) \S 
P (2 



G log i 1 + ioAe + n ) )* ** + / |x,a ( ell * r - x ) 



< y w -/ (e+/2) u ios(1+/2 )J *»+yN^ w- «w-)- 

Using 1 + f 2 < e + f 2 with the relation — + r — 1 = 1 and Assumption (|2TJ)) , we get constants depending 
on a, 5, fi but not on / such that the above quantity is at most 

«l / / 2 log(e + f) dfi + n 2 < Kl Ent Al (/ 2 ) + k 3 . 

The last term in (|2ip is controlled by the change of variable formula and the integrability assumption again: 

/ 2 (a;)|r(a;)| 2 ^(a;) = / \x\ 2 d^{x) < k 4 < oo. 



The proof is complete. □ 

5.3. Basic facts about convexity defect. In the next two subsections, we will work with potentials V 
such that there exists a function c such that 

(22) V(x + u)>V(x) + {u,VV(x))-c(u). 

In other words, the defect of convexity satisfies T>y(x, y) < c(y — x). When c is a negative function, V is 
uniformly convex. We will focus on the case when c is positive. In this case we say that V is weakly convex. 
This subsection provides concrete examples of such potentials. 

The first example is as follows: if V is C 2 , the condition D 2 V > —A for some A > 0, is equivalent to 
condition (|2"2")l with c(u) = -||w| 2 . It is also equivalent to the fact that the function V(x) + -||x| 2 is convex. 
Next we present other possible conditions, extending the latter. 

Choose c(x) = \\x\\ p where || • |) is a strictly convex norm and p > 1. Note that p > 2 is not very interesting 
in our case since for a smooth V 

V(x +u) - V(x) - (u, WV(x)) - ^D 2 V(x).u.u 

dominates — A||u|| p only when A = and V is convex since — \u\ p >> —\u\ 2 for small u. The case p £ (1, 2) 
contains new examples. We need some preparation. 

For p £ [1,2], a norm on a vector space X has a modulus of smoothness of power-type p or for short is 
p-smooth with constant S if for all x, y £ X it satisfies 

\\x + y\y+\\x-yf><2\\x\y + 2Sv\\yf>. 

As shown in [12] , this formulation is equivalent to the more standard definition given in [49] . We need the 
following classical fact, see Lemma 4.1 in [52] 

Lemma 5.5. Let (X\\ ■ ||) be a Banach space with a p- smooth norm with constant S. Let X be a random 
vector with values in X such that E\\Z\\ P < +oo. Then 

E\\Z\\* < \\EZf + -&—E\\Z EZ\\ p . 

Applying the above lemma when the law of Z is (1 — t)5 x + tS y for t £ (0, 1], x, y £ X yields 

op 

(1 - t)\\x\\* + t\\y\\ p < ||(1 - t)x + ty\\ p + ^=13^(1 - t)((l tf + t p )\\y - x\\ p , 
which is equivalent to 

br _ M , < \\x + t(y-xW-\\ X \\" + _V_ l]y X]]P{1 + o(1)) . 
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Letting t to zero yields for almost every x and for all u 



QP 

(23) \\x + u\\v< \\xf + (u, V|| • f(z)> + ^T— J IMI P - 

In this form the meaning of p-smoothness is very clear: the application || • || p is not too much above its 
tangent map and the distance is measured by || it || p . Therefore the application — | • || p is not too much below 
its tangent. Hence we obtain 

Corollary 5.6. Let p £ (1, 2] and || ■ || be a p-smooth norm on M. d , with constant S . Let V : IR^ — > R such 
that V(x) + \ \\x\\ p is convex in x. Then for all almost every x and every u 

S p 

V(x + u) > V{x) + (u, VV(x)) - X —f— WuW*. 

For p £ (1,2] the L p -norm on R d denoted as || • || p is p-smooth, and the optimal constants S have been 
calculated. However, the use of Lemma [531 introduces the poor constant 2 P ~ 1 — 1. A better result than (f2"5|) 
is obtained by hands: 

Lemma 5.7. Let p £ (1, 2], then for all x, u in M. d , 

b + W ||^<||x||^ + ( M ,V||.|| p (x))+2 2 ^|| M || p . 

Proof. First note that it is enough to prove the inequality in dimension one. Indeed all the term are sums 
of n corresponding terms involving only one coordinate. The inequality is obvious for x — and both terms 
are p-homogeneous in (x, u). Hence it is enough to deal with the case x — ±1. Finally the case (x = — 1, u) 
can be deduced from (1, — u) and all we have to do is to show that for all u G M, it holds 

(24) \l + u\ p <l+pu + 2 2 - p \u\ p . 

Actually when u > — 1 it is even true that |1 + it| p < 1 + pu + \u\ p . To see this we start with the case u > 
and consider the function ip defined on [0, +00) by <f(u) = 1 + pu + u p — (1 + u) p . Clearly (p(0) — (p'(Q) = 0. 
Moreover ip is convex since ip"(u) = p(p—l) (u p ~ 2 — (1 + tt) p_2 ) > 0, using p — 2 < 0. Hence tp is nonnegative. 

Next we prove the stronger inequality when u £ [—1,0]. Setting t = — u we have to show that the 
function tp defined on [0, 1] by ip(t) = 1 — pt + t p — (1 — t) p is nonnegative. This is clear since ^(0) = and 
ij)'{t) = p^vP' 1 + (1 - u) p - 1 - 1) > since u, 1 - u and p - 1 are in [0, 1] (so u^ 1 >u,(l- u) p ~ 1 > 1 - u). 

Finally we prove (|24[) when u = — t € (— 00,— 1] by studying the function £ defined on [l,+oo) by 
£(t) = 1 — pt + 2 2 ~ p t p — (t — l) p . First £(1) > and we shall prove that £ is nondecreasing. To see this we 
compute 

= p(2 2 " p i p - 1 - 1 - (i - l)^ 1 ) , = p[p - 1) (2 2 - p i p - 2 - (t - l) p - 2 ) . 

The latter quantity is nonpositive on [1,2] and nonnegative on [2, +00). Therefore £' achieves its minimum 
at t = 2 where £'(2) = 0. So £ is nondecreasing as claimed. The proof is complete. □ 

Corollary 5.8. Let p € (1, 2]. Assume that there exists A > such that the function x 1— » V{x) + A||ir|| p is 
convex. Then for almost every x and every u, 

V(x + u)> V(x) + (u, W(x)) - A2 2 - p ||u|| p . 

In other words T>v{x,y) < A2 2_p ||y — a;|| p . 

5.4. Isoperimetric inequalities for weakly convex potentials. It follows from the work of Bobkov 
[2D] , extended in [T5], that for log-concave probability measures on M. d , the isoperimetric profile is somehow 
governed by the decay of the measure outside large balls. The goal of this subsection is to show that the 
log-concavity assumption may be weakened. In what follows we consider a function c : K d — * R + which may 
be identically zero or strictly convex superlinear . For every Borcl A let us by denote [ia the conditional 
measure \ia — ■ Let B r = {x : ||x — xo|| < r}. The next lemma extends an isoperimetric inequality 
proved by Bobkov for log-concave measures. 
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Lemma 5.9. Let c : M. d — ► R + be a strictly convex superlinear cost function. Let /i = e v dx be a probability 
measure on M. d with T>y(x, y) < c{y — x). Then for every r > and every Borel set A, 

KA) log + n{A c ) log + logM(Br) 

< 2r/j + (<9/l) + • W c (/m, + v(A c ) ■ W c {^^B r ). 

Proof. Let T be the optimal map pushing forward (///^(/))./^ to /is r for the cost function c(y — x). If we 
apply Lemma 15.11 we get after multiplication by J f dfi 



Ent„/ < log 



',J^J fdfi- J{T(x)-x,Vf) fdn)W c ((f/n(f)).n,ti Br ) 

< lo S^)/ + r 1 |V/|d/i + J {x~x Q ,Vf)dv+(^J /^W c ((//^(/)). Wflp ), 

where we have used that |T(x) — xo| < r since the range of T is in B r . If we sum up the latter upper bound 
on Entp/ with the corresponding one for Ent M (l — /), the terms J(x — xq, V/) dfx cancel out. The conclusion 
follows from letting / tend to 1a- □ 

Proposition 5.10. Let c(x) — c(\x\) where c is identically zero or is a strictly convex superlinear cost 
function, increasing on K + . Let fi = e dx be a probability measure on R d with T>v(x,y) < c(y — a;). 
Assume that for some e > 0, 

exp((3 + e)c(x - y)) € ® /i). 

Then there exist D > and a® > such that the following is true: 

for any Borel set A such that a := min (fi(A), /i(A c )) verifies a < ao, it holds 

al °g(-) < Drfi+(dA), 

where r is chosen so that a = fi(B^.). 

Proof. Let us assume that n(A) < 1/2 (the case n(A c ) < 1/2 follows from the same method since A and 
its complement play symmetric roles in our estimates). Hence by hypothesis a = fi(A) = /i(B!f). We apply 
Lemma [531 Our task is to bound the transportation costs involved in its conclusion. Set n — 1/(3 + e) and 
K (77) = 77 log [J exp(c(y — x)/rf) dfj.(x)dfj.(y)j . It is finite by hypothesis. Lemma [5T3l gives 

(25) /i(A)W c (/ZA,MsJ < K{n)n(A) + m i{A)\og{l/ t i{A) t i{B c r )) = K(rj)a + rja log - + na lo; ' 



a 1 — a 

Applying the corresponding bound for /j 1 (A c )W c (fj,A c: , would give a term of order 1 — a which is too 
big. To avoid this problem, we consider another coupling. Let S be the c-optimal map pushing forward 
fJ'A a nB c to (iAnB r - We define the map T : A c — > B r by T{x) = x when x € A c n B r and by T(x) = Six) for 
x e A c n _B£. One readily checks that T pushes forward to [i,B r (this uses the relation fJ.(A c ) — fi(B r ) 
and its consequence (J,(A C D B^) — fi(A n -Br-))- Hence 

W c (/*A=,MSr) < J c ( s ( x ) - x ) d ^ x ) = ^ A c} f c(S(x)-x)dn(x) 

pl{A c n B c r ) 

= F17\ — w c\fJ>A c nBs>ti>AnBr)- 

fi{A c ) 

Apply Lemma 15731 to the latter transportation cost yields 



A c nBS: 



ti(A c )W c {tiAc,»B r ) < KA c nB c r )[K( v )+r,\o: 



= n{A n B r )K(rj) + 2nfi(A n B r ) log 



fi(A c n Bf)(i(AnB r ) 
1 



Note that — xlogx is increasing for x < 1/e. Thus n{A) = a < 1/e ensures that 

(26) /i(A c )W c (AUc,/j Br ) < ^(r7)a + 2?7alog-. 

a 
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Combining Lemma 15131 with (|25[) . (f2u| and the relation rj = 1/(3 + e) yields 

-a log- < 2r^ + (dA) + 2K(r))a + rjalog- ' 



3 + e a ' 1 — a 

When a is small enough, 2K(r/)a + r\a log is less than half of the left hand side, hence g^alog^ < 
4rn+(dA). ' □ 

Theorem 5.11. Let c(x) = c(|x|) be identically zero or a strictly convex superlinear cost function on W 1 . 
Let d/i(x) = e~ v ( x >dx be a probability measure on R d with for all x, y and some e > 

T>v(x, y) < c(x — y) and exp ((3 + e)c(x — y)) G Li(/j <g) /x). 

Let ip : R + — » R + be strictly increasing. Assume in addition that for some Xq, 

s*CI*-»ol) dn(x) < K < oo, 

then there exist D, ao > such that every Borel set A such that a :— min ([x(A), fi(A c )^j < ao verifies 

Dn + (dA)>a /"fV, - 

Proof. Proposition 15.101 gives Dr/i + (dA) > alog^ when a < ao is such that a — fi(Bf). Using Markov's 
inequality in exponential form gives 

a = n({x e M d ; \x - x \ > r}) < Ke~^ , 

hence r < V _1 (logf). □ 

Remark 5.12. The restriction on the value of a may be weakened or removed by making more precise 
calculations in concrete situations, or in general situation by applying Proposition! 

Remark 5.13. Assume that c is not the zero function. Jensen's inequality yields 



Hence the above theorem for ip = (3 + e)c gives the following result: if /i satisfies 

T> v (x,y) < c(x ~ y) and exp ((3 + e)c(x — y)) G Li(/i ® fi), 



then there exist D, ao > such that every Borel set A such that for a G (0, ao), 2T/i(a) > D a— 

Next we give an application to potentials with Hessian bounded from below and with a strong integrability 
property. A similar statement holds when J e^^ x ^ dfi(x) < oo for an increasing ip with lim +00 = +oo. 

Corollary 5.14. Let dfi(x) — e~ v ^dx be a probability measure on R d . Assume that there exits K > 0, 
£ > 0, a > 2 and xq G M. d such that 

D 2 V(x) > -Kid, x G R d and / e £ ^- x °^ dfi(x) < +oo. 

JR d 

There there exists k > such that the isoperimetric profile of /i satisfies 

I M (t) > Kmin^l-Olog 1 "^ (—77^ tt), t6 (0,1). 

\mm((, 1 — t)/ 

Proof. By hypothesis I'v(x, y) < l^|a: — y| 2 . We need to check that J exp ((3\x — y\ 2 )d^{x)d^(y) is finite for 
some [3 > 3K/2. However this is true for every [3. Indeed for every S > there is a constant such that for 
all x, \x\ 2 < 5\x\ a + N(a, S) (e.g. using Young's inequality xy < x p jp + y p /p* for p = a/2 > 1). Hence 

' e?Wdii(x)dit(y) < [J eW*- x °\ 2 dfi(x)\ < (J e 2 ^ x ~ x ^ +N ^) d^x)j 

is finite by choosing 5 < e/(2f3). Therefore we may apply the previous corollary with ip{t) = t a . This gives the 
claimed isoperimetric inequalities for small values of t. Since V is locally bounded we apply Proposition ^. 81 
to extend the result to alH G (0, 1). □ 
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Remark 5.15. Modified log-Sobolev inequalities are established in the next subsection under the weaker 
integrability assumption exp((l + e)c(x — y)) <E L 1 (fj, £3> A 4 ) ( see Theorem 15. 161) . Thus, one may ask whether 
the results of this subsection remain valid when 3 + e is replaced by 1 + e. This is indeed the case for the 
statement of Remark [5TT51 when c(x) = -f \x\ 2 . If D 2 V > K and exp((e + K/2)\x - y\ 2 ) E L x {[i ® fi), then 
Wang's result yields a logarithmic Sobolev inequality. But when the Hessian is bounded from below, Ledoux 
[4 7) showed that an appropriate (Gaussian) isoperimetric inequality follows. Apart from the factor 3 + e, 
another feature of the method of this subsection is not completely satisfactory: it does not seem to extend 
to the Riemannian setting. 

5.5. Modified LSI via weak convexity and integrability. In this section we derive log-Sobolev inequal- 
ities when the potential V satisfies T>y(x,y) < c (y — x), or equivalently 

V(x + u)> V{x) + (u, WO)) - cq(u). 

If Co is negative then V is strictly uniformly convex and log-Sobolev inequalities have been proved (Bakry- 
Emery [9] for quadratic Co, Bobkov and Ledoux [26] in general). When cq is positive, V is not convex 
anymore and an additional integrability assumption is needed to balance the convexity defect. 

Theorem 5.16. Let d/i(x) = e~ v ( x 'dx be a probability measure on R d . Assume that there exists A > and 
an even strictly convex function c : R — > M + with c(0) = such that for all x, u, 

V(x + u)> V(x) + u ■ W(x) - Ac(u). 

If there exists e > such that 

e {x+£)c{v - x) d t i(x)dfi(y) < +oo; 
then there exists K\ , K 2 , K3 > such that every nonnegative smooth function f verifies, 



Ent M (/ 2 ) <K x j f 2 c* C^j d^ + K 3 J fdfi. 



Proof. Let 771,772 <G (0, 1). Assume that J f 2 d[i = 1. Let T{x) = x + 9(x) be the optimal transport from 
f 2 ■ \x to [i for the unit cost c(x — y) . Applying Lemma 15.11 to g = f 2 and h = 1 and Young's inequality as 
in Lemma 15.21 gives 



EnVCf 2 ) < m J(J^,8)f 2 d t i + \W c (f 2 dv^) 

< Vi [<pc* (^0 d f i + m [ c{6)f 2 dii + \W c {f 2 d^n) 



\ mf 

= mj^c* n^pj d^ + ( m + X)w c (f 2 d^fi) 

~ 771 I^ C * (jmf) ^+( 1 -^)Ent A1 (/ 2 ) + (l-, ?2 )log^y e ^ c{x - y) \ dfi(x)dfi(y), 

where the last inequality comes from Lemma 15.31 for a = (1 — t?2)/(A + rji). Rearranging the entropy terms 
and tuning 771 , 772 to ensure that yr^- < A + £ completes the proof. □ 

Theorem 15.161 yields defective modified log-Sobolev inequalities. Under suitable conditions, the methods 
of Section [2] allow to tighten them. This is illustrated by two of the following corollaries. 

Corollary 5.17. Let p g (1,2] and q = p/(p— 1) G [2, +00) be its dual exponent. Let d/j,(x) = e~ v ^dx be 
a probability measure on K d . Assume that there exists A > such that the function x 1— > V(x) + A||x||p is 
convex and that there exists e > such that 

^ 2 - p +z)h-y\\ p pd ^ x ) d ^ y ) < +00 . 
Then there exists constants K\ , if 2 such that for every nonnegative smooth function g it holds 

Ent M ( 5 «) < Ki J \\Vg\\«dn + K 2 J g^d^. 
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Proof. The convexity type hypothesis on V and Corollary 15.81 ensure that T>v(x,y) < 2 2 p \\y — x\\ p . The 
integrability condition allows to apply Theorem 15.161 with c(u) = \\u\\ p for which c*(u) = We conclude 

the change of function / = g~s . □ 

Corollary 5.18 (Wang [62 [64]). Let dfi(x) = e~ v ^dx be a probability measure on Mr. Assume that V 
is C 2 and there exists A > such that pointwise D 2 V > —Aid. If there exists e > and xq such that 
/ exp(^j£|a; — xq\ 2 ) d/i(x) < +oo then for some K and all smooth functions 

Ent^Cf 2 ) < K [ |V/| 2 d/i. 

Proof. Combining Theorem 15.161 for c(u) = u 2 /2 and Corollary 12.131 gives the claim inequality under the 
slightly stronger assumption J exp (^j^|a; — y| 2 ) d/j>(x)diJ,(y) < +oo. Following the proof of Theorem 15. 161 in 

our specific context, we come across a term (rji + A) f — T £ x ^ f{x) 2 d/i(x) where T is the optimal map from 
f 2 ■ to [i for the quadratic cost. In order to get the full result we estimate it a bit differently. In particular, 
the optimality of T is not used. Since for all 772 > 0, \x + y\ 2 < (1 + %)|a;| 2 + (1 + V^ 1 )^ 2 '- 

J \x-T{x)\ 2 f{xfd^x) 

< (/ (1 + m)\x - x \ 2 f(x) 2 dn(x) + (1 + J \T(x) - x \ 2 f 2 (x)d f ,(x)^j 

< (l-m) (Ent,( / 2 )+log (| e ^^ l— °l 2 d M (x))) +^1(1+^) J \y - x Q \ 2 d^(y). 

For small enough rji > the first term is finite. The second one is finite by the stronger integrability condition. 
Hence a defective LSI has been proved. It can be tightened since the potential is locally bounded. □ 

Remark 5.19. Wang's original proof yields a better control on the constant. It is based on semigroup 
interpolation and seems hard to apply for integrability conditions of the form J exp c(x—y) dfi(x)dfi(y) < +00 
with non quadratic c. This is possible with the transportation approach, but a limitation remains: the 
function c in the integrability condition is the same as the one which controls the lack of convexity of V. 
Nevertheless when the potential is convex, A = and c disappears from the convexity hypothesis, hence 
any integrability assumption can be used. This is similar to what happened with applications of Bobkov's 
isoperimetric inequality. 

The techniques of the above proof also have the advantage to work in more general conditions: 

Theorem 5.20. Let d/i(x) — e~ v ( x 'dx be a probability measure on M. d . Assume that there exists K, L > 
and e,p > and such that 

D 2 V(x) >-(K + L\x\ p ) Id and [ e#*W + '' 'd/*(a?) < +00, 

then fi satisfies a log-Sobolev inequality as well as (q-LSI) for q — 2i- . 
Proof. Applying Taylor's formula with integral remainder 

Vv(x,y) < - f (l-u)(D 2 V((l-u)x + uy) ■ (y-x),y-x)du 
Jo 

< J (l-u)(K + L\(l-u)x + uy\ p ^j\y~x\ 2 du 

< | lB _ lP+£|9 _^((^ H , + _«_ lsr ), 

where we have applied for 77 > the bound \a + b\ p < (1 + ??)|a| p + N(p, if)\b\ p and have computed the 
integrals. Next we apply the bound \y — x\ 2 < (1 + ?7)|a;| 2 + (1 + r/ _1 )|?/| 2 and develop all the products. 
The terms of the form \y\ 2 , \x\ 2 , \x\ 2 \y\ p or |a;| p |?/| 2 are controlled by applying Young's inequality in the form 
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a 2 V < r]a p+2 + M(p,rj)b p+2 or the similar upper bound of a p b 2 (but each time the small 77 factor should 
appear in front of |a?|). Eventually 

V v {x,y) < L , + ^ \x\ p+2 + MM V)\y\ p+2 + Af a (p, r,), 
(P + 2) 

where ip(rj) tends to zero as 77 does and all other parameters are fixed. Hence, integrating against the 
probability measure f 2 ■ pi and using the change of variables by T, 

V v (x,T(x))f(x) 2 d^x)< J V^ffl \x\v +2 f{xfdn{x) + M x (p, 77) J \y\ p+2 d^(y) + M 2 (p, V ). 

In view of the strong integrability of /1 this can be bounded by (1 — 77i)Ent M (/ 2 ) + -8(771) for 771 > small 
enough. It remains to bound from above the linear term, using for a £ {2,p + 2} and any 772 > the 
inequality 



(^^-,x-T(x))f(x) 2 d»(x) <M 3 (a, m ) 
fix) 



V/ 



fd^ + m / \x-T(x)\ a f(x) 2 dn(x). 



f 

Hence the techniques already used allow to bound the latter integral by an arbitrary small fraction of the 
entropy plus a constant. For a = 2 we get a defective (LSI), for a = p + 2 we get a defective modified 
log-Sobolev inequality with cost t p+2 , or a defective (qLSI) by a change of function. They may be tightened 
by Corollary |2.13l Indeed \i has a locally bounded potential, hence it satisfies a local Chccger inequality by 
Lemma 1231 which implies local g-Poincare (see e.g. [13]). □ 

Note that the transportation argument was used in [39 to prove a defective modified log-Sobolev inequality 
adapted to a given log-concave measure on K. Our contribution here is rather in the tightening techniques 
of Section [2] which yield a soft proof of the main results of [39J [40] with slightly relaxed conditions: 

Corollary 5.21. Let d\x(x) = e - *^ dx / Z where $ is an even non-negative convex function on R with 
$(0) = 0. Assume in addition that for some a, 77, xq > and x > xq, $(x) < ax 2 and ?fl increases. Then 
for all smooth f 

Ent M (/ 2 ) < J^H (Q f 2 d^ 

where H(x) = c\x 2 for \x\ < C2 and H(x) = ci$*(c3x) otherwise. Here Ci are constants depending on $. 
Proof. Assume as we may that 77 € (0, 1], and consider the function 

By hypothesis xq^'(xq) > (1 + i])Q(xo) which ensures convexity of h. On easily verifies that for x > 0, 
h(x)/x 1+v is non-decreasing. This implies that h*(x)/x^ is non-increasing on R + where (3 > 2 is the dual 
exponent of 1 + 77. Also note that for small x, h*(x) — |a;|' 3 < x 2 whereas for large x, h*(x) = Ci<&*(c§x) > 
cqx 2 . Consequently the function h(x) — max(x 2 , h* (x)) is bounded above by the function H(x) of the 
Corollary for a suitable choice of the constants. Moreover h(x)/x" is non- increasing on R + . 

We apply Theorem 15.161 with the convex potential V = $ + logZ, the cost function c = h(-/2) and 
e = Xq^^Q^xq). By convexity and parity 

^)dKx)dKv) < [I e i fc w-»w 2 , 

which is finite since eh coincides with <I> in the large, where $ grows at least linearly. Therefore any smooth 
function verifies 

Ent Al (/ 2 ) < /si j fdfi + n 2 Jh* (-£j) fdli <kiJ f 2 dfi + K 4 Jh fdfi. 

The measure \x being log-concave, it satisfies a Poincare inequality, see |20| . Therefore the latter inequality 
may be tightened using Theorem 12.41 □ 
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In the case of non quadratic cost functions, the previous method provides tight inequalities only when a 
spectral gap inequality is known by other means. To avoid this problem we may also work with Inequalities 
I(t); as explained before they imply F-Sobolev inequalities which may be easily tightened using only local 
Poincare property. 

Theorem 5.22. Let dfi(x) = e~ v ( x >dx be a probability measure on R d . Assume that there exists a strictly 
convex superlinear function Cq on R d such that V satisfies 

V{x + u)> V(x) + u ■ VV(x) - c {u), x,ueR d 

and for some e > 

(27) / e^ 00 ^ - ^ d^(x)dn(y) < oo. 



If there exists r\ > and a € (1,2] such that J Rd e v ^ dfi(x) < +oo then [i satisfies Inequality I(r) for 

_ 2o— 2 _ 2 i n smoo th f 
a a J J 7 

Ent M / 2 <s/ f 2 dfi + C [ |V/| 2 logWe+ j ] ) rf M . 

If in addition, we assume the local Poincare inequality, then \i satisfies 

1) a modified log-Sobolev inequality with c = c a , 

2) an F -inequality with F = F T . 

Proof. Let T be the optimal transport minimizing W CQ and sending f 2 ■ \i to /i. We apply the "above 
tangent" lemma [531 in this situation and estimate the linear term by Proposition [5_3J It remains to estimate 
J*Dd 1^v{x,T{x))f 2 dfi. Since T minimizes the co-Kantorovich functional, one obtains 



V v {x,T{x))f dn < / c (x-T(x))f A dii = W Ca (n,f A -ii) 

< ^- log Q et 1+ °M*-y)dn(x)dn(y)\ + ^Ent^/ 2 ), 

where the latter inequality follows from Lemma 15.31 This proves Inequality I{t). By Theorem 14.11 the 
measure \x satisfies a defective -FV-Sobolev inequality as well as a defective modified Sobolev inequality with 
function c a . However the local Poincare inequality and the defective i^-Sobolev inequality yield a Poincare 
inequality, as follows from Proposition 12 . 1 01 for q = 2, F = F T . This spectral gap inequality allows to tighten 
the two inequalities by Theorem 12.41 □ 

Corollary 5.23. Let the assumptions of Corollary \5.17\ hold. Assume in addition the local Poincare in- 
equality. Then [i satisfies Inequality I(t) and an F -inequality with F — F T , where r = 2p ~ 2 . 

5.6. Modified LSI for perturbations of convex potentials. 

Theorem 5.24. Let a G (1,2]. Let dfJ,(x) — e" v ^ x 'dx be a probability measure on K d such thatV = Vq + Vi, 
where Vq is convex and V\ is continuously differentiable. Assume that there exists a function p € L 1 (/x) and 
a constant e > such that 

exp((l +e)[Vi(x) - (x, Wi(x)) + (Vi + p)*(Wi(x))]) e L 1 ^), 

where {V\ + p)* is the Legendre transform of Vi + p. If for some n > 0, J" Rd exp dfi < +oo then /i 

satisfies Inequality I(2/a*j. 

Proof. Let f 2 ■ /i be a probability measure and T be the optimal transport (e.g. for the quadratic cost) 
pushing this measure forward to /i. Lemma 15.11 gives 



(28) Ent^/ 2 ) < 2 / (x - T(x), Vf(x))f(x) d/i(x) + J V v {x, T(x))f (x) dfi(x). 

Since Vo is convex, the convexity defect of V is controlled by the one of V\ 

V v {x,T{x)) < V Vl {x,T{x)) = Vi[x) - Vx(T(x)) - T{x)). 



2:s 



The definition of the Legendre transform gives (VVi(x),T(x)) < (V x +p) (T(x)) + (V x +p)*(Wi(x)). Hence 
V v (x,T(x)) < V x (x) - (Wi(x),z) + {V x +p)*{WV x {x)) + p{T{x)). 

By the change of variables J p(T(x))f 2 (x) <i/i(x) = Jpd/j < oo. By the duality of entropy and the exponential 
integrability assumption, there exists a constant C such that 



V x (x) - (VV x (x),x) + (V x +p)*(VV 1 (x))\f 2 d f i < C + yL-EntJ 



This gives an upper bound on J T>v(x, T(x))f 2 (x) d/j,(x) by a constant plus 1/(1 + e) times the entropy of 
f 2 . We apply Proposition [53] in order to bound the remaining term in (|28p by an arbitrarily small multiple 
of the entropy plus a gradient term. This completes the proof of I (2 /a*). □ 

Next, we give a better result for a concrete potential Vq. 
Theorem 5.25. Let a G (1,2]. Let dfi(x) — e~ v ^dx be a probability measure on R d with potential 



V(x)=N(^- + V x (xfj 



X € 



where N > is a constant. If V x is continuously differ entiable and if there exits C > and S < such 
that 

|VVi(a;)| < ^x^ 1 +C*, xeR d 
then /i satisfies the modified log-Sobolev inequality with c = c a , as well as an F 2 / a * -Sobolev inequality. 

Proof. Since V is locally bounded, /i satisfies a local Poincare inequality. In view of Theorem l4.1[ it is enough 
to establish Inequality I(t) for r = 2/a* . The scheme of the proof is the same as for the previous theorem: 
let T pushing forward f 2 ■ /i to /i, then the bound (f2"5|) is available. First note that there exists a constant 
D such that 

£ 

\V x (x)\ < -\x\ a + C\x\ +D, xeU d . 
a 

Hence J exp(K|x| a ) dfi(x) is finite provided k < N(l — S)/a. In particular, by Proposition 15.41 for all e > 
there are constants Ci such that 

(Vf(x),x-T(x))f(x)d»(x) <C X +C 2 J |V/| 2 log 1 "^ + f 2 ) d^ + "-Ent^f 2 . 

It remains to show that J T>v(x,T(x))f 2 d^L < (1 — e)Ent^f 2 + C3 for a small enough e > 0. Set V~o{x) = 
\x\ a /a. By linearity V v (x,y) = N(V Vo (x,y) +T> Vl (x,y)). Plainly 

V Vo (x,y) = \^-^ + (\x\- 2 x,y-x) 
a a 

< iz£| xr _J!dl + | a . r i| I ,| 

a a 

< (^+ £ o) \x\ a + N x (a, e )\y\ a , 

A v /v) a 



for arbitrary Eq > 0, where we have used Young's inequality in the form uv — T](u~) < V ^rn^Tj 
One obtains a similar estimate for the convexity defect of V x by using the previous bounds on \ V X \, |VVi|, 

■DvAx,v) < \V x (x)\ + \V x (y)\ + \x\\VV x (x)\ + \y\\VV x (x)\ 
'(5(1 + a) 



< 



+ £ )\x\ a +N 2 {a,e )\y\ a + C 2 



a 

Here we have used Young's inequality as before to separate variables in the product term and also to absorb 
the linear terms \x\ < rj\x\ a + N^^a, rf). Finally 

T> v (x,T(x)) < K\x\ a +N 4 (a,e )\T(x)\ a + C 3 . 
where n = ( 1 ~ a )+ <5 ( 1 + Q! ) _|_ 2e^ . Since 8 < a/(2 + a) it is possible to find £0, £ > small enough so that 

/ ex P( i^M")^^) < +°°- Hence the duality of entropy, the change of variable formula and the strong 
integrability of /z yield a bound of the form J T>v(x,T(x))f(x) 2 dfi(x) < (1 — e)Ent p (/ 2 ) + C4, as needed. □ 
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5.7. Modified LSI via integration by parts. The technique developed here is close to the Lyapunov 
function method (see e.g. [8]). We estimate the convexity defect by the divergence of a special vector field 
(usually x or VV) and apply integration by parts. 

The next lemma follows immediately from integration by parts 

Lemma 5.26. Let uj be a locally Lipschitz vector field. Assume that there exist t, s,C G M such that 

sV < (1 - t)(VV>) - div(w) + C. 

Then for every smooth g 

t[ (S7V 7 uj)ge- v dx + s [ Vge- V dx<c[ gdy+f (Vg, u>)e~ v dx. 

JR d JR d JR d JR d 

Theorem 5.27. Let d/i(x) = e~ v ^dx be a probability measure on R d , such that J Rd e^'" d/i(x) < +oo for 
some rj > 0, a£ (1,2]. 

a) Assume that V is continuously differentiable, that there exist Ci,C2,e > €K such that 

V(x) <C l {x,VV{x)) + C 2 , 

exp(e|W| log° |W|) G L 1 ^) 
and — V<g with g £ L (//). Then \i satisfies Inequality I (2 /a*). 

b) Assume that a = 2, V is twice continuously differentiable, —V < g such that g G L 1 ^) and there 
exist sq > 0, 1 > t > such that for every < s < sq there exists C — C(s,t) satisfying 

sV < (l-t)|W| 2 - AV + C. 

Then \x satisfies the defective log-Sobolev inequality. 

In particular, the result holds if V is bounded from below and sV < (1 — <)|VV^| 2 — AV + C for 
some s > 0,1 > t > 

Proof. To prove a) we apply a bit more general estimate than the above-tangent lemma. Namely, let T 
be the optimal transport sending f 2 ■ \i to \i. Then in the same way as above (changing variables, taking 
logarithm and integrating with respect to [i) we get 



Ent^/ 2 = I f z Vd[i- I Vdn+ I \ogdet DT f 2 dfi. 
By the concavity of logarithm 



Ent M / 2 < J fVdn- J Vd^ + dlogU a\EL f dfl 



First we note that — j V d\i < j g dfi < oo. Applying the assumption of the theorem and integration by 
parts, we get 

J f 2 V dy<C 2 +dC 1 + 2C 1 J f{x)(x,Vf{x))dy{x). 

Note that 

J TrDT f 2 dy = -2 J{T,Vf)fd^ + J(T,VV)f 2 dti. 

Then we estimate 

J f(x)(Vf(x),x)dfi(x) and f(T,Vf)fdn 
exactly in the same way as in Proposition 15.41 Next 

(29) J(WV,T)f 2 dfi< J e^^fdfi + N! J |W| log^ |W|/ 2 dy + N 2 . 

Using the assumption on VV one can easily estimate the right-hand side by NiEnt^f 2 + C. It remains to 
note that logarithm grows slowly than any linear function. The proof of a) is complete. 
For the proof of b) apply Lemma T5. 261 with uj — VV. One obtains 

sjvf 2 dn + tj \VV\ 2 f 2 dn<C + 2 J /(V/,VV) dy. 
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for some t > and every < s < sq. By the Cauchy inequality 

\ J \VV\ 2 fdn + s Jvfdn<c+- t J |V/| 2 ^. 
Choosing arbitrary small s we obtain that for every N > 

(30) N J |W| 2 / 2 dfi + J Vf 2 dfi < C(N) (l+f | V/| 2 dp) 
if C(N) is sufficiently big. This gives the desired bound for 

'V(x) - ( W(x), x - r(z))) /(z) 2 d/i(a;). 

Indeed, the latter is not bigger than 

(y(x) + N\VV(x)\ 2 )f(xfdn(x) + ^ J \T(x)-x\ 2 f(x) 2 dn(x), 

where the first term is estimated by ([30]) and the second term one can easily estimate by C(eo) + eoEnt^/ 2 
for arbitrary e by choosing appropriate N. Finally — J V(T)f 2 d\i = — J V dfi < |.g|z,i( M ). The proof of b) 
is complete. □ 

The analog of b) holds also for 1 < a < 2. However, we need more restrictive assumptions. 

Theorem 5.28. Let d/j,(x) = e~ v ^dx be a probability measure on M. d , such that J Rd e v ' x ' dfj,(x) < +oo for 
some n > 0, a € (1, 2] . Assume that V is twice continuously differentiable and bounded from below and that 
there exist s>0, 1><>0 such that for some C — C(s, t) one has 

(31) smax(Vsl) r < (l-i)|W| 2 - + 
where t = 2/a* € (0,1]. Then /i satisfies Inequality I(t). 

Proof. The proof is similar to the proof of Theorem 15.271 but more involved. First we multiply (|3ip by 
max(V, l) 1_r and apply integration by parts. We get 

s J Vf 2 dfi + t J |W| 2 max(T/ l) 1 ^/ 2 dfi 

<2 J /(V/,VF)max(l/,l) 1 - r dAi+(l-r) / max(V, 1)" T | X7V\ 2 f 2 dfi + C x . 



First we note that 



_ 2 
~ t 

Hence one can write 



J m&x{V,l)- T \S7V\ 2 f 2 dn < J \VV\ 2 f 2 d^i < -j J{\VV\ 2 - AV)f 2 dfi + C 
J /<V/,VF) d» + C. 



s J Vf 2 dfi + t J \S7V\ 2 maK{V,l) 1 - T f 2 d^i 

<C 2 J /|(V/, W) I max(Vs l) 1 ^ d» + C 3 . 
Let us estimate the first term in the right-hand side: 

2 / /|<V/,Vy)|max(V J l) 1 - r ^<iV(e) / |V/| 2 log 1 "^ + f 2 ) dfi 

+ e [ y-^ |V^| 2 (max(l/,l)) 2(1_T) d^- 

Let Ms = {x : f 2 < e sv }. Then for every 8' > 8 there exists C(8, 8', r) such that 

/ \ i-r P I , 2 J VF| 2 (max(V/,l)) 2(1 ' r) ^<C(,5,^r) / e s ' v \VV\ 2 d^. 
J au log (e + f 2 ) Jm* 



l Ms log L - T (e + p)' 
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In the other hand 

/ , J* , fa j w| a (m«(v;i)) a(1 - ) ^ 

J mi log (e + / 2 ) 

<C(<5,T,mfF) / |V^| 2 max(V r ,l) 1 - T / 2 d/i. 
Choosing a sufficiently small S' and e one gets the following: 



VfdfJL+^J |W| 2 max(V, 1) 1_T / 2 rf^ 

<C 4 / |V/| 2 log 1 - T (e + / 2 )d M + C 5 / e 5 ' v \X7V\ 2 dfi + C 6 . 



Let us show that 

"\VV\ 2 dfi 



is finite for a sufficiently small 6' . First we note that J e* 5 v dfi is a finite measure for sufficiently small 5' . 
This can be easily proved by Holder's inequality since J exp(?7|a;| Q )(i/^(x) < oo. Next, integrating inequality 

t\VV\ 2 < |W| 2 - AV + C 

over e 5 v ■ \i and integrating by parts we easily get the claim. Thus, we obtain that there exists C depending 
on s, r, 5' such that 

sjvfdv+l /'|VV| 2 max(V;i) 1 - r / 2 ^ 
(32) < C [ |V/| 2 log 1 "^ + f 2 ) d^ + C. 



Since the function V is bounded from below, we get the desired bounds for the terms J Vf 2 dfi and 
J | VV^| 2 max(V, 1) 1 " T / 2 dfi. The estimates of - / (W(x), x)f(x) 2 dfi(x) and - J V(T)./ 2 d/i are the same 
as in Theorem 15.271 Finally, 



J(WV,T)f 2 dfi<2 J \VV\ 2 fdn + 2 J \T\ 2 f 2 dfi 
2 J |V^| 2 / 2 max(V",l) 1 " T d/i + 2 J \x\ 2 dfi(x). 



< 

The latter can be estimated by (1521 . The proof is complete. □ 

Corollary 5.29. Under assumptions of Theorems \5.27\ \5.28\ the tight modified log-Sobolev inequality with 
c — c a , a = as we M as F -inequality with F = F T holds. 

Proof. By Theorem 14. II it suffices to prove the local Poincare inequality. This follows from Proposition ^. 141 
since the potential V locally bounded. □ 



Remark 5.30. Let us compare this result with the known ones. Theorem 15.281 is not completely new for F- 
inequalities This type of criteria for ^-inequalities have been already considered in work of Rosen 59J (note, 
however, that assumptions on the potential from [59] are stronger). Kusuoka and Stroock [45] proved different 
types of hyperboundedness of semigroups using Lyapunov function techniques. We note that assumptions 
on the potential in Theorem 15.281 and in Theorem 15.271 a) can be viewed as special cases of some Lyapunov 
function-type assumptions. Nevertheless, such kind of criteria are not known for modified log-Sobolev 
inequalities. Also the transportation approach for this kind of results is new. Some related results can be 
also found in [31], [H], [30]. 

A less general but more beautiful sufficient condition is the following: V is bounded from below, for some 
s > 



s\Vr<\W\ 2 +C, lmi = 0. 

It appears in many works as a sufficient condition for log-Sobolev type inequalities (see [51 |2"TI 1551 116] ). 
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Corollary 5.31. Let V be a continuously differentiable function such that V(tx) is convex as a function of 
t £ [0,oo) for every x. Assume that J-^ d e^' 21 ' dfi(x) < +00 for some n > 0, a <E (1,2] and 

exp(e|W|log|W|°) e L 1 ^). 
Then the tight modified log-Sobolev inequality with c = c a , as well as the F -inequality with F = i^/a* hold. 

Proof. Since (p(t) — V(tx) is convex, it holds ip(0) > ^(1) — (0 — l)<p'(l). In other words, 

V(0) > V(x) - (VV(x),x). 
The result follows from Theorem 15.271 Corollarv l5.29l □ 

6. Improved bounds in dimension 1 

We start with a precised version of the "above tangent" lemma. We omit the proof which is similar to 
the one of Lemma I5~T1 The only difference is that the term 9' — log(l + 9') is not lower bounded by 0. The 
goal of this section is to develop applications of sharper estimates of this quantity. 

Lemma 6.1. Let d/i(x) = e~ v ^dx be a probability measure on R, with V smooth. Let f ■ fi and g • fj, be 
two probability measures with smooth and compactly supported densities f,g. Let T(x) = x + 9(x) be the 
monotone map pushing forward f ■ pi to g • fi. Then 

Ent p (/) + J (V(x + 9(x)) - V(x) - 9(x)V'(xfj f(x) d^x) 

+ f (9'-log(l + 9'))fd f i = Eiit li (g)- f f'ddp. 

If d(j,(x) = e~ v ( x ^l x >odx where V is smooth and convex, and f,g are smooth with finite entropy, then 
provided lim +00 f9e~ v — 0, the equality is valid with an additional term — f(0)9(0)e~ v ( os> on the right-hand 
side. 

6.1. Inequalities for the exponential law. Let dfj,(t) = e~*lt>o dt be the exponential measure. Our goal 
is to provide a simple transportation proof of the modified log-Sobolev inequality for /1 due to Bobkov and 
Ledoux [5S]. We also discuss related transportation cost inequalities. 

We start with recalling useful Sobolev type inequalities for fi. The first part of the next lemma is a 
particular case of a result of Bobkov and Houdre [23] , for which we provide a streamlined proof. The second 
part is Lemma 2.2 of Talagrand's paper [50] , 

Lemma 6.2. 

1) Let N : K — » [0, +00) be an even differentiable convex function with N(0) = 0. Assume that there 
exists c > 1 such that xN'(x) < cN(x) for all x. Let ip : [0, +00) — > [0, +00) be a locally Lipschitz function 
with (p(0) — 0, then 

N(ip)dfi < / N(ap')dfj,. 



2) Let M(x) = x-\og(l + x), x > -1 and S(x) =x-l + er x and a e (0, 1). Let ip : [0, +00) -> [0, +00) 
as above with <p(0) = and ip 1 > —1, then 

1 — a f f 

S{a-p) d[i< M{ip') dji. 



/R+ 

Proof. First we assume that tp is also bounded. For a > an integration by parts yields 

N(ip{x))e~ x dx- N(ip(a))e~ a = / tp' (x)N' (ip(x))e~ x dx. 

Jo 

Let N* be the Legendre transform of N, defined by N*(v) = sup u {uv— N(u)}. Then the following inequalities 
hold pointwise: 

<f/N'(<p) < ^(N{ap') + N*(N'{ip))) = ^(N(cip') + <pN'(ip) -N(ip)) 
< ±(N(c<p') + (c-l)N(<p)). 
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Plugging this inequality in the above integral equality and rearranging gives 

pa 

N((p(x))e- X dx - cN(Lp(a))e- a < / N(ap' (x)) e - x dx. 

Jo 

Letting a to +00, we obtain the claimed inequality for bounded functions. If <p is unbounded we apply the 
inequality to min (|<p|,n) for n growing to infinity and conclude by monotone convergence. 

The proof of the second inequality is similar. It uses the remarkable relation M*(S'(x)) — S(x). □ 



Next, we state the transportation inequality for the exponential law with a cost function comparable to 
min(x 2 , \x\). It is the analogue of Talagrand's inequality for the symmetric exponential law [60j . 

Proposition 6.3. Let a G (0, 1) and c a (x) = (^ax — 1 + exp(— ai)J . Let g ■ [i be a probability measure. 
Then 

Ent M (.g) > T Ca (gd/j,,fi). 

Proof. Let T(x) = x + 9{x) be the non-decreasing map transporting /x to g d/i. Lemma 16-11 with / = 1 gives 

Ent^fo) - 8(0) = J (9' - log(l + 9')) dfi. 

The term 8(0) is the displacement that is applied to the origin. It corresponds to the first point of the support 
of gdfi. One way to get rid of this term is to approximate gdpL by a measure with support starting at 0. 
Another way is to translate g: let a be the first point of the support of gdfi, then let g a (%) — e~ a g(x + a). 
It is easy to check that g a dfi is a probability measure, that T — a pushes forward /i to g a dfi and Entp(g a ) = 
Ent^g) — a. So without loss of generality, we can assume that 9(0) = and by Lemma HT2l 

Ent„(flr)= f (d 1 - log(l + d 1 )) dfj, = f M(d') dfj. > [ S(a9)dfi. 



□ 

In order to recover the modified log-Sobolev inequality for /1, we need the following lemma: 

Lemma 6.4. Let dfi(x) — e~ x l x> o dx be the exponential law and let du — e 9 dfj, be a probability measure. 
Assume that g is locally Lipschitz and satisfies \g'\ < c a.e. for some constant c < 1. Then the monotone 
map T which transports v to fi verifies 

T'(x) G [l-c,l + c], forallx>0. 

The reciprocal map S = T^ 1 transports /1 to v and satisfies S'(x) < — ^ for x > 0. 

Proof. The map T is actually given by 

T(x) = -log^y e 9iu) - u dv). 

Indeed, this expression is strictly increasing and satisfies for x > 

r T(x) r x 

fi((-oo,T(x)}) = e- u du = 1 - e- T{x) = / e 9(u)-u dit = f((-oo, x}) . 

Jo Jo 

Hence 

eff(*)-» f x °° (l-g'(u))e 9 ^- u du 

T { ] ~ r e aM-u du ~ ~ f°° e g(u)-u du 6 [1 - c, 1 + c]. 

Jx Jx 

Since 1 — c > 0, it follows that its reciprocal bijection S = T^ 1 satisfies < S'(x) < j^-. □ 

Remark 6.5. The above statement is an elementary companion to Caffarelli's celebrated theorem : if 7 
is a Gaussian measure on M. d and and d/i = e~ w dj with W" > then n is the image of 7 by a contraction. 
The following heuristic argument allows to understand better the similarities. We work in dimension 1 with 
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two probability measures d/i = e v ( x 'dx and da = e w dfi. The monotone transport S from fi to a satisfies 
e -v(x) _ e -w(s(x))-v(s(x)) g/^ x y jf g j s sm00 th enough, taking logarithms and differentiating gives 

(33) S'(x)V'(S(x)) + S'(x)W'(S(x)) = V'(x) + ^M. 

Following Caffarelli, we assume that S' achieves its maximum at an interior point Xq. Then S"(xq) = and 
the latter equality yields S'ixQ )(v'(S(x ))+W'(S(x ))) = V'(xq). For the exponential law, V = 1 on the 
image of S. If W > — c, the function S' satisfies at its maximum 



Ent^/) < -—- I J —dfi. 



l + W'(S(x )) ~ l-c 

In the case V(x) = x 2 /2, it is natural to differentiate (|33|) in order to get constant terms V" — 1 

S"(x)V'{S(x)) + S'(xfV"(S(x)) + S"(x)W'{S(x)) + S'(xfW" (S(x)) = V"(x) + - 

At any point xq where S' reaches its maximum, S"(xo) = and S"'(xq) < 0, hence 

S'CsoJ^l + W'^o))) <!• 
Finally VF" > implies S'(xq) < I and S is a contraction. 

Proposition 6.6. Let c S (0, 1) and / : [0, +oo) — > (0, +oo) smc/i i/iai < c ; then 

4 / 

Proof. By homogeneity we may assume that J / dp, = 1. Let T(a;) = x + 0(x) be the monotone map pushing 
forward / • /i to /i. By Lemma l(T4l we know that \9'\ < c. This allows to check the growth conditions needed 
to apply Lemma 16.11 with / and .0 = 1 and to obtain 

(34) -ff'Sdii = EnV(/) + J (8' - log(l + 6'))fdfi > Ent M (/) + i / (fl') 2 /^, 

where we have used that for \x\ < c < 1, N(x) = x — \og(l + x) > a: 2 /4. To conclude the argument we need to 
get rid of the 9' term by means of a Sobolev type inequality for the measure / • fi. But thanks to Lemma l6.4[ 
the hypothesis \ f /f \ < c guarantees the existence of a y^-Lipschitz map S — T _1 pushing forward p to 
/ • p. This classically implies that Sobolev type inequalities enjoyed by p transfer to / • fi. Indeed assume 
that every smooth function ip with p(0) — satisfies J N±((p) dp < J Nz^tp') dp where N% is non-increasing 
on R _ and non-decreasing on R + . Then for any smooth ip vanishing at 0, and since S(0) — 0, we may apply 
the Sobolev inequality to ip — ip o S. Since the law of S under p is / • fi, we obtain 

Ni(tp) f dfj, = [ N 1 (ipoS)dn< [ N 2 (S'ip' oS)d(i 
< 



By Lemma I6.21 we recover the classical Poincare inequality for the exponential law: if ip(0) = then 
J <p 2 dp < 4 f(<p') 2 dp from which we deduce 

?fd»<-^_J(6'ffd». 

Plugging this inequality in the above entropy estimate yields 

^2 



EnW) < J \f'\\6\dp-^^- J 8 2 fdp 

f 16 / (l-c) 



, , |f I (1 - c) 2 2 \ 4 f (f) 2 
< / /sup <^ — u — — v? \ = — / — — dfi. 



□ 
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Remark 6.7. The interest of the above proof lies in the interpretation of the condition \f'/.f\ < c in terms of 
transport. It does not provide very good constants. Bobkov and Ledoux obtain a constant of the form j— 
which captures the right order in c as one can check with the function f(t) = (1 — c)e ct . 

6.2. Inequalities for the Laplace distribution. Let dvi(t) — e - '*' dt/2, t <E M. be the symmetric expo- 
nential law. We use the relation V\ = ji * /2, where djl{t) = e t l t< o dt is the image of the exponential law by 
a reflection. Log-Sobolev and transportation cost inequalities easily pass to product measures. Hence the 
previous results on fi transfer to /i ® /i, and to v\ by considering functions of (x, y) depending only of x — y: 

Proposition 6.8. For a £ (0, 1), and any probability measure of the form f ■ v\, 

1 — ct f fa \ 

Ent 1 , 1 (/)>2 inf / logcosh [-(x - y) ) dn(x, y). 

a 7ren(i/i,/-i/i) J R 2 V2 / 

Let c £ (0, 1), / : R — > M. + be a smooth function with \ f / f \ < c then 

8 f f' 2 
Ent -i/ ^ (i_c)2 J R — dvx ' 

Remark 6.9. Talagrand actually proved a slightly stronger transportation inequality, but his proof is a lot 
more involved. Bobkov and Ledoux also had a better constant in the log-Sobolev inequality. 

6.3. Gaussian transportation cost inequality for measures with median at 0. Applying Lemma RTT1 
to jj, = 7 the standard Gaussian measure on 1, / = 1 amounts to reproducing Talagrand's proof of the 
Gaussian transportation cost inequality [60] : 



q2 
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Ent 7 ( 5 ) =J-d 7 + J (6' - log(l + 6')) d 1 > J y d 7 = -T 2 ( 7 ,5 • 7)- 

This inequality is known to be stronger than the Poincare inequality for 7, and strictly weaker than the 
Gaussian logarithmic Sobolev inequality. A natural question asks for improvements of these inequalities for 
even functions, or for centered functions (i.e. J xf(x) dj(x) =0). It is known that the Poincare constant may 
be improved by a factor 2 for centered functions, whereas the log-Sobolev inequality does not improve for 
even functions. It was recently understood that the r-property can be improved for centered functions [501 15]. 
The constant ^ in the above transportation cost inequality cannot be improved for symmetric measures, as 
shown by the following example. Consider for a > the probability measure m a defined by 

e — l x<0 + e — l x>0 \ dx 7 a; € Ml. 

Clearly the map T defined by T(x) = x — a for x < and T(x) = x + a for x > pushes 7 forward to m a . 
It is monotone and therefore optimal form the quadratic cost. Since for all x, \T(x) — x\ = a, it follows that 
^2(7, m a ) — a 2 . Let g a = By a straightforward calculation 

„ , , a 2 [2 a 2 
Ent 7 (g a ) = y + ]l -a ~ a ^+oo y • 

However there is room for an improvement of lower order. 

Proposition 6.10. Let N(t) = \t\ - log (l + \t\). For all probability measures g ■ 7 out with median at 0, 

Ent 7 (g) > T w (m,j), 

where the cost function is w(x) — x 2 /2 + N(x/\/2ir^. For large x, w(x) = ^- + — 7= + o{x). 

Proof. Assume that g is positive and continuous. Since the median of g ■ 7 is zero, the monotone transport 
T from 7 to g ■ 7 satisfies T(0) = 0, hence the displacement vanishes at the origin: 6(0) = 0. Recall 

Ent 7 ( 3 )> Jy^ + J (0'-log(l + e'))d 1 = ^T 2 ( 1 ,gd 1 ) + J (d' - log(l + 6')) d 7 . 
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We need a Sobolev type inequality to lower bound the latter term. Given a smooth function ip on K vanishing 
at 0, we apply Lemma 16.21 to <p{x) and (p(— x) and obtain 

N{<p)dv x < / N(2ip')dvi. 



One can check that the monotone transport S from v\ to 7 is -^/^-Lipschitz. Reasoning as in the proof of 
Proposition 16. 61 the latter inequality applied to tp = 9 o S, which vanishes at 0, yields 

(0' - log(l + 6')) d-y > J N(9')d 1 > J N(9/V2^)dj. 

□ 



7. Generalizations to Riemannian manifolds 

Some results of this paper can be obtained in the Riemannian setting. This is illustrated in this section. 
Several lemmata obviously extend since they do not use the geometric structure of the space; we shall use 
them in the Riemannian setting without further explanation. 

As in the flat case, the starting point here is the above-tangent lemma. Let (M, g) be a smooth, complete, 
connected Riemannian manifold without boundary. The geodesic distance on M is denoted by p and the 
Riemannian volume by v. The following theorem is an adapted version of the result from |35) . [36j . The 
proof is almost the same as the original one and we omit it here. 

Theorem 7.1. Let dpL(x) = e~ v ^ dv(x) be a probability measure on M , g and h two compactly supported 
non-negative functions such that g ■ p and h ■ p, are probability measures. Let T(x) = exp x (\79(x)) be the 
optimal transport minimizing the quadratic transportation cost and pushing forward g ■ p to h • fi. Then it 
holds 

EnV? < Ent M /i - f (V9,Vg)d f i+ [ V v (x, T{x))g dp, 
Jm Jm 

where 

V v (x, T{x)) = V{x) + (V0(z), W(x)) - V(T(x)) - [ (1 - t)Ric 7(t) (j(t), j(t)) dt, 

Jo 

where 7 is the geodesic joining x and T(x) given by j(t) = exp(t\79(x)). 
If V is twice continuously differentiable, one has 

V v (x, T{x)) = - j (1 - t) (Hess 7(t) ^ + Ric T(t) ) (7(f), j(t)) dt. 

The next statement is obtained as an application. It nicely complements Wang's theorem: 

Theorem 7.2. Let dfi(x) — e~ v ( x ) dv(x) be a probability measure on M , with a twice continuously differ- 
entiable potential V . Let a > 1 and suppose that there exists xq S M and e > such that 

exp (ep(x ,x) a ) e L 1 ^). 

Assume that one of the following two conditions is satisfied 

(i) a G (1,2] and pointwize Hessl/ + Ric > 

(ii) a > 2 and there exists K £ R such that pointwize HessV^ + Ric > K Id. 
Then there exists k > such that fi satisfies the isoperimetric inequality 

I M (t) > Kmin^l-^log 1 "^ ( — — ) , t G (0,1). 

\mm(t, 1 — t) J 

Remark 7.3. By Corollary 13. 21 various functional inequalities follow. Also note that the results of Wang [M] 
and Ledoux [17] provide the case a = 2: the isoperimetric inequality is valid provided Hess^ + Ric > K Id 
and exp ((e + \K\/2)p(x, x ) 2 ) G L 1 ^). Unfortunately our method does not reach a = 1. 
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Proof. First we assume (i). Let r = 2/ a*. We establish Inequality J(r) for p along the same lines as in R rf : 
We apply Theorem 17.11 and note that T)y < 0. Hence we only have to deal with the linear term. This can 
be done exactly as in Proposition [5T31 

By Proposition 12. 141 p satisfies a local Poincare inequality. By Theorem 14. 11 Inequality 7(r) implies the 
corresponding tight i^-Sobolev inequality. As an intermediate step of this argument, it has been estab- 
lished that p satisfies a Poincare inequality. An argument of Ledoux [37] shows that when HessF + Ric 
is uniformly bounded from below, the spectral gap inequality yields an isoperimetric inequality of Cheeger 
^-n(t) > cmin(£, 1 — t). In particular, it is enough to prove the claimed isoperimetric bound for min(i, 1 — t) 
small. Ledoux's argument has been adapted to other functional inequalities: the F T inequality implies an 

1 /2 

isoperimetric inequality of the form T^{t) > d min(t, 1 — t) F T (1/ min (t, 1 — *)) 1 when min.(t, 1 — t) is small. 
This is explained in Section 4 and 8 of [14] : it also follows from different arguments of 63J. The proof is 
complete under Condition (i). 

For (ii), assume that K < 0. Reasoning as in the proof of Corollary 15. 141 we get that 



K -- 

e 2 



Hence Wang's theorem applies and gives in particular that p satisfies a Poincare inequality (note that the 
new proof that we gave in the Euclidean case is easily adapted to the Riemannian setting) . By the result of 
Ledoux [37], p satisfies Cheeger's isoperimetric inequality, and consequently it is enough to prove the claimed 
isoperimetric inequality for small values of min(i, 1 — t). Our strategy is to prove a (defective) modified LSI 
with cost t a . To do this, we apply the above tangent lemma with f 2 ■ p and p. The linear term is estimated 
as in Lemma |5~2"1 since |V0(x)| = p(x, T(x)), for any r\ > 

2 J (Vf,-W)fdn< £ J 2 ^j- fdv+^ J p(x,T(x)) a f(x) 2 dLi(x). 



On the other hand 



V v (x, y) < y p(x, T(x)) 2 < np(x, T(x)) a + N(K, a, v ). 



Hence we are done if we show that for some rj, S E (0, 1) and C £ K, 

r?(l + a- 1 ) f p(x, T(x)) a f(x) 2 dp(x) < (1 - <5)Ent M (/ 2 ) + C. 



This is done as in the proof of Corollarv l5.18l using p(x,T(x)) a < (1 + r)i)p(x, xo) a + M(r)i)p(T(x), Xo) a , the 
duality of entropy and the integrability property. The (MLSI) with cost t a , or equivalently the (a*-LSI), 
implies the claimed isoperimetric inequality for small values. This is explained in the next lemma. □ 

The next result extends to q £ (1, 2) a statement of Ledoux [47] for q = 2. 

Lemma 7.4. Let q £ (1, 2). Let p — e~ v ( x ) ■ dv(x) be a probability measure on M . Assume that there exists 
K £ R such that Hessy + Ric > Kid and that p satisfies a possibly defective q-log-Sobolev inequality. Then 
there exists to £ (0, 5], K > such that 



V*) ^ /emin(t,l-t)log« . ., , t£ (0,t ) U (1 - t , 1). 

\mm((, 1 — t) J 

Proof. The (qLSI) is equivalent by a change of functions to the following defective MSLI 

Ent^/ 2 ) <B J ' f 2 Yl q d ^ + D J f d ^ 

Since 2/q > 1, Young's inequality yields for t > 0, 77 > that t q / 2 < \r\t + ^ry 3 ^. For t = |V///| 2 , 
j) = 2e/q we get for some m > and all e > 



Ent Al (/ 2 )<e J \Vf\ 2 dp+(D + me^) J f 2 dp. 



Set f}{e) — D + me~ . By a celebrated theorem of Gross, any log-Sobolev inequality satisfied by fx implies 
continuity properties of the semigroup (Pi) generated by L = A — VV^ • V, see e.g. [32]. Denoting ||/|| p = 
(/ \f\ p d^) 1 ^ p , this theorem yields for all e,t > 0, and all /, 

(35) ||P/|| 2 < exp ■ ^^j) ll/lli +c -«/«. 

On the other hand a theorem of Ledoux [UJ improved in [TT] shows that under the condition Hess^ + Ric > 
If Id, there exists a constant C > such that for all t € (0, l/|-ftf|), and all Borel sets A C M, 

^{dA)>^U{A)-\\P t l A \\l 



Combining this fact with |35|) for f = 1a gives for t < {K^ 1 , e > 

(36) p+(8A) > C^- [l - exp (tf( e ) + log( M (A))) ^ + . 

It remains to make a good choice of e, t. The idea is to fix e so that (3(e) ~ \ log(l//i(A)) and then to choose 
t so that i/e ~ l/log(l//i(A)), which is small if we consider sets of small measure. More precisely, we set 

o-2 a 

- — log I and i = ( log ■ 



2m ° n(A) J V K A ), 

When n(A) is small enough this is compatible with the constraint t < |-f^| -1 . In particular this choice implies 
0(e) + log fJb{A) = D— ilog^^y and t/e — (2m)' 9-2 '/ 9 ( log y^jy) ■ Consequently, the quantity in brackets 
in (|3l)|) has a strictly positive limit when fi(A) tends to zero and there exists C > such that 

fi+(dA) > C'^- = &n{A) log* 1 



when is small enough. The same argument gives a similar bound for large sets since n(A) — \\PtlAW2 = 

h(a°) - \\p t i A 4l □ 

We will need more detailed description of the optimal transport of measures on manifolds. See [35] > [35] 
for details. 

Let T{x) — exp(V#(x)) be the quadratic optimal transportation mapping pushing forward g ■ fi to / • ji. 
Set: T t (x) = exp(tV6(x)). The change of variables formula reads as 

(37) g = f(T)J t , 
where 

J t = dct Y(t)(H{t) + iHessfl) , 

Y(t) — D(exp a ,) t ve, Hit) — ^HesSa;p 2 (a:, T t (x)). Here Hess# is understood in the sence of Alexandrov due 
to a local semiconvexity of 6. There exist the following relations between the volume distortion coefficients 
Vt(x,y) and Y(t), Hit) (see [35], [36] for the precise definition) 

(38) v t (x,T(x)) = detY(t)Y- 1 (l), 

(oq\ (TM ^ j i Yjt)(Hjt)-tH(l)) 

(39) vi-t(T\x),x) = det * — — -. 

If Ric > k(d — l)Id, where k < 0, the volume distortion coefficients can be estimated by the Bishop's 
comparison theorem 

(AM I \ >» ( Skitpjx^)) ^ 1 

m V ^ y ^{s k ipix,y))) ' 

where S k {t) = smb $n ^ • 

The following theorem is a generalization of Theorem 15.271 a) and Theorem l5.28l (see also Remark l5.30[) . 

Theorem 7.5. Let M satisfy Ric > -RTd, K < 0. Assume that \i = e~ v dv is a probability measure with 
twice continuously differentiable potential such that one of the following assumptions is fulfilled 
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a) 

exp(6p{x,x ) a ) e L 1 ^) 

for some 5 > 0, 1 < a < 2, 

V < 7Vi(-A0+(vy,V0)) +N 2 , 
where N± > 0, <f> = P 2 { x i x o) for some xq € M. In addition, assume that 

exp(e|W|log° |W|) G L 1 ^) 

and — V<g with g G L 1 ^) 

b) 

exp((5/9(a;,a;o) a ) G L x (/i) 
/or some (5 > 0, 1 < a < 2, xq e M and is bounded from below and for s > 0, < t < 1 

smax(l,V) T < (l-i)|W| 2 - AV + C, 

where T = § ■ 

TTien satisfies inequality (I T ), F T -inequality and modified Sobolev inequality with c — c a . 

Proof. Exactly as in the previous theorem it is sufficient to prove the defective (/.^-inequality. In order 
not to repeat lengthy arguments, we prove only the case a = 2 in b). The proofs of the case a ^ 2 and 
the item a) can be obtained from the proofs of Theorem 15.281 and Theorem 15.271 respectively by the similar 
modifications. 

Set: r(x) = p(xq, x). First we note that by a comparison theorem the volume of the ball {x : p(x, xq) < r} 
grows mostly exponential as a function of r. Hence exp(— tr 2 ) dv is a finite measure for every t > 0. Consider 
the quadratic transportation T of f 2 ■ p to p, where / is smooth and compactly supported. 

Applying (l37|) and integrating the logarithm of both sides with respect to fi, we get 

/ f 2 log f 2 dp = [ Vf 2 dp- [ Vdp + I logdct( J ff(l) + Hcss6»)/ 2 d ) u+ / logdct Y(l)f 2 dp. 

J M J M J M JM ^ ' JM 

The term f M V f 2 dp can be estimated as in the flat case (see Theorem 15.271 and Theorem l5.28l ). Further 
applying ([38]) with t = and (|40|) . we get that logdetF(i) can be estimated by Cp(x,T(x)) for big values 
of p{x,T{x) and by C p 2 (x,T(x)) for small values. Applying the triangle inequality 

p(x, T{x)) <r + p(T(x),x Q ), 

the Young inequality and change of variables, it is easy to show that the term J M logdet Y(l)/ 2 d/U is 
dominated by eEnt^/ 2 for any small e. Further, by the Jensen inequality 



f ( , s \ 9 f /±HesSxP (x,T(x)) +Hess6» 
/ logdet(/f(l) + Hess6> )f 2 dp < d\og / Trf ' v v 

JM ' JM ^ « 

= \V xP {x, T(x))\ 2 + p(x, T(x))A xP {x, T{x)). 



f 2 dp. 



' M x ' JM 

Next we note that 

Tr Uess x p 2 (x,T(x)) 
2 

By a comparison result A x p(x, T(x)) is dominated by A#r(o, x)\ r ( . x )= P (x,T{x)), where r(o, x) is the distance 
in the model space with constant curvature K from some fixed pont o. This implies, in particular, that 
A x p(x,T(x)) is bounded for big values of p(x,T(x)). Since p 2 (x,xo) is smooth in the neighborhood of xq, 
hence 

Tr Hess x p 2 (a;,T(a;)) 



and 



In addition, 



/ 

■J A 



2 

Tr Ress x p 2 (x,T{x)) 2 



<C(l + p(x,T(x))) 



M 2 J M 



fdp<C(l + / p(x,T(x))f 2 dp). 



f ^-f 2 dp<~-. [ {ve,vf)fdp 

Jm d d JM 
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Here we estimate the Alexandrov's Laplacian by the distributional one from above. This is possible since 9 
is locally semi-convex and the singular part of its Laplacian is non-negative. Then we apply integration by 
parts. Using |V0| = p(x,T(x)), we arrive at the following estimate 

(V6,Vf)fdpL <2 / p 2 (x 1 T(x))f 2 dp + 2 f \Vf\ 2 dp. 



M JM JM 

The rest proceeds in the standard way. This means that we apply the triangle inequality p(x,T(xj) < 
r + p(T(x),x ) and make the change of variables for p(T(x),x ). Then we estimate log a; by ex + N(e), apply 
the standard Young inequality and choose a sufficiently small small e. This completes the proof. □ 

Corollary 7.6. Let M satisfy Ric > Kid, A'eM and 

V = 5p a (x ,x)+N 

for some Xq S M, 1 < a < 2, <5 > 0, N G K. Then p satisfies inequality (I T ), F T -inequality and modified 
log-Sobolev inequality with c = c a , where r = 4. 

Proof. As we know from the previous proof 

Ar 2 < C'(l + r) 

for some C in points of differentiability of r 2 . In addition, | Vr| = 1 almost everywhere. Function r 2 is 
diffcrentiable outside of C xo , where C xo is the cut-locus of x . It is known that C xo has measure zero. 
Formally applying Theorem [73] b), we get the result. Nevertheless, since V is not smooth everywhere, the 
proof needs some justification. Analyzing the proof of Theorem 17.51 we see that the estimate 



/ r 2 f 2 dp<C 1 + C 2 f rf 2 dp + C 3 f r\Vf\fdp 

JM JM JM 



(4i) / ■ pi^rysA^Bj iv/i** 



' M JM JM 

should be justified. This can be done by integration by parts formula with the help of Calabi lemma (see, 
for instance, [10j ) : there exists an increasing sequence of precompact starshaped domains D n with smooth 
boundaries which union is M \ C XQ . In addition, r 2 is smooth in every D n and (Vr, > on dD n where v 
is the normal outward vector field on dD n . □ 

Remark 7.7. Corollary 17.61 for the case of F-inequalities has been proved by Wang in [63] for a > 1. It 
follows from his more general result obtained from a Nash- type inequality by perturbation techniques. 

Finally, we show that the Euclidean logarithmic Sobolev inequality implies modified log-Sobolev inequal- 
ities for special types of measure on manifolds with the lower Ricci curvature bound. 

Theorem 7.8. Assume that Ric > Kid and the Riemannian volume measure satisfies the logarithmic Sobolev 
inequality in the Euclidean form: 

where A and B are positive constants. Let p be a probability measure of the type 

p= —^—cxp(-Np a (x,x Q ))dv, 

where l<a<2,N>0 and Xq is a fixed point. Then p satisfies (1 T ) -inequality with r = 2(l — —). 
In addition, p satisfies the F T -inequality and modified Sobolev inequality with c — c a . 

Proof. As above, applying the tightening techniques, it is sufficient to show (/ T )-inequality. Without loss 
of generality assume that N = 1. In addition, since inequalities of this type are stable under bounded 
perturbations, it is sufficient to prove the result for the measure v = -j- exp(— p)dv, where p = <p(p(x,Xo)) 
and ip(t) is a twice continuously diffcrentiable function which is equal to t a for t > 1 and quadratic for small 
values of t. Let g be a smooth function such that § M g 2 dv = 1. Set: 

f = -7T72 9 exp 
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Obviously, J M f 2 dv = 1. Applying (|4"T]) , one gets 



(42) 
Hence 



A I 



g 2 (lng 2 -p- ]nA a jdv < Aln(^B 



A I 



Vg-—g 



dv 



' g 2 \ng 2 dv< / g 2 p dv + In A a + A ln( B 

M JM ^ 



A I 



v 5 



Vp 



'(l + log^e + g 2 ))^). 



Now we want to apply integrations by parts to the term 

- J (Vg, Vp)g{l + log 1_T (e + 9 2 ))dv. 

This can not be done directly, since the function p is differentiable only outside of cut locus of xq . Never- 
theless, proceeding as above with the Calabi lemma and taking into account that p is increasing function of 
the distance, we get that the right-hand side of (|4"2"|) can be estimated by 



A In 



|vp| 2 g2 



Ap 



-g 2 ) (1 + log 1 -^ + g 2 ))dv + B / g 2 ^(g 2 )g(Vg, Wp)dv) 

' JM 

where 

ib = - 7 i -[l + log 1_T (e + .T) 
dx L 

Further we note that xip(x) is bounded and since the Ricci curvature is bounded from below, one has 

Ap<C\+ C 2 r a ~ l 

outside of cut locus, where r = p(x,xo). Since |Vp| 2 ~ (a — l) 2 r 2 (" _1 \ |Vp| 2 dominates Ap for big values 
of r. Applying Cauchy inequality one easily gets that the right-hand side of ([42]) can be estimated by 

^2 



A In 



M 



( Nl \Vg\ 2 i?-J)_ r2 («- V + N 2 g 2 ) (1 + log 1 "^ + g 2 )) 



dv 



for sufficiently big Ni,N%- 

Applying estimate In a; < Cx + D(C) for a sufficiently big C, one finally obtains 

I^AVgf-Cz^L^), 

r a ~ l for big r, hence by the Young 



g In g dv < / g p dv 



M 



M 



r 2( Q - V + Csg 2\ (1 + lQg l- T(e + g 2 ))dv + ^ 



where C 2 can be chosen arbitrary big. It remains to note that p ~ 
inequality J M g 2 p dv can be estimated by 

" N{e)g 2 (1 + log 1 "" (e + g 2 )) + e er ^ + 1 



r^-^dv. 



Note that 



2-a 



a, hence e Erl T r 2 ^ a ^ S L l (y). Finally, choosing a sufficiently big C 2 , we make the term 
J M g 2 p dv disappear. Since f M g 2 (l + log 1 ~ T (e + g 2 ))dv is dominated by eEnt^g 2 for any positive e, we 
immediately get the desired estimate. □ 

). Thus, we get 



Remark 7.9. It is known that inequality (|4ip holds for the hyperbolic space H (see [T 
another proof of a partial case of Corollarv l7.6l 
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